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INTRODUCTION

Steinhaus’s theorem asserts that if A C R has positive Lebesgue measure, then A — A contains a
neighborhood of the origin. Although both the statement and the proof of this result are elementary, its
higher-dimensional analogue has become one of the central difficult problems in geometric measure theory:
Falconer’s distance set conjecture. The conjecture states that if A C R? has Hausdorff dimension greater
than 1, then its distance set

AA={lz—y|l:z€ A, ye A}
has positive Lebesgue measure.

Pertti Mattila was the first to attack this problem using methods from harmonic analysis and geometric
measure theory. His starting point was the following observation. Let u be a measure supported on A,

and let v, be its push-forward under the distance map:
vu(B) = pux p{(z,y): |z —y| € B}, B C R Borel.

If the Fourier transform of v, belongs to L?, then |[AA| > 0. Mattila’s method therefore leads naturally to
estimates for spherical averages of Fourier transforms of measures. The theorem analyzed in this thesis,
due to Thomas Wolff, gives an estimate for circular averages of Fourier transforms of measures and remains

the strongest result known for the planar distance set problem.

Keywords. Harmonic analysis, geometric measure theory, “distance set conjecture,” Hausdorff measure.



ABSTRACT

This thesis studies circular averages of Fourier transforms of measures in connection with Falconer’s
distance set conjecture. If A C R? has Hausdorff dimension greater than 1, the conjecture predicts that

its distance set

AA={lz—y|l:z€ A, ye A}

has positive Lebesgue measure.

Mattila’s approach relates this question to the Fourier transform of the push-forward of a measure under
the distance map. In particular, if p is supported on A and the associated distance measure v, satisfies
v, € L?, then |[AA| > 0. This reduces the problem to estimating spherical, and in the planar case circular,
averages of Fourier transforms of measures.

The main result analyzed here is a theorem of Thomas Wolff giving an upper bound for such circular
averages. As a consequence, one obtains the best currently known progress toward Falconer’s conjecture

in the plane.

Keywords. Harmonic analysis, geometric measure theory, distance set conjecture, Hausdorff measure.



THE THEOREM AND ITS PROOF

We begin by showing how circular averages are connected with the distance set conjecture. For this

purpose, we take the following facts as known.

(I) The Hausdorff dimension of a compact set E coincides with the number

sup{a : there exists a probability measure p on E with I,(u) < 400}

[ [ o= vl au@ants) = c. [a©PI g

(III) If og is the surface measure on the circle centered at 0 with radius R, then

(I1)

1
= 2(R|z[)2 cos(27(Rlz| - §)) + Qr(2)
where Qp(z) = o((R|x|)—%) for Rz| > 1 and Qg(z) = O((Rz|)~2) for R|z| < 1.
(IV) If g € L?, then pu = f dx for some f € L.

Let E C R? with dimy F = a. By (I), there exists a probability measure y on E with finite a-dimensional
energy. Let v, be the push-forward of ;i to the distance set of £, namely AE = {|z —y|: z,y € E}. Thus

dv,(t) = |z — yldu(x)du(y), (= |z —yl)

The measure v, is supported on AE, and I,(u) = [t “dy,. If we show that 7, € L?, then by (IV) there
exists f € L? with dv,(t) = fdt, and since Ia(,u) > 0 it follows that |AE| > 0. For technical reasons, we

shall instead work with the measure
LT 1 LT 1
v=dv(t) =e'4t 2dy,(t) + e "4 |t|"2dv,(—1),
which is supported on AE U —AEFE.

Lemma. The following are equivalent:
(1) v € Ly(R),
(2)

+00 T 2
/ (/ \ﬁ(Ré")W@) RdR < oc.
R=1 —m

i 1 _ imk|r— —i T -1 imk|z—
B(k) = o' / 2 — g 2 2 (o) d pu(y) + e / 2 — y| 2™ dpu(z)d ply)

Proof.

= 2/ |z — y|7% cos(2m(klx — y| — %))du(m) dp(y)
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On the other hand, for £ > 0,

/_:}ﬁ(kei")Fde:/R Go % pdp
2% [ [ o = ol 3 costemkle — gl — D du(e)duty) + [ [ 2(ble ~ ol) dutz) duty)

=2k 2 // |z — y|_5 cos(2mk|x — y| — &) du(x) du(y)

Lo / / (kle = yl) 2 da(x) du(y)

klz—y|>1

Lo / / (klz = y[)~% dp(z) du(y)

klo—y|<1
_ o / & — |2 cos(2mk|z — y| — 1) du() du(y) + O (//(k\x —y) dpu(x) du(y))

for every a € [%, %}

Therefore,

v(k) = |k;|% /W |71 (ke”) |2d9 + O(|k:|%‘°‘]a(u)).

—T

The second term belongs to L?Ik|>1}' Since 7 € L*([—1,1]) in any case, we conclude that (k) belongs
1 .
to Ly if and only if k|2 [7_|7i (k) |” 6 belongs to Ls. O

Proposition. Let a > 1 be such that, whenever p is a compactly supported measure with finite -

dimensional energy, we have

/ 7i(Re™)|?do < C,R*2.

Then every compact subset of R? with dimension greater than o has distance set of positive Lebesgue

measure.

Proof. Let E be a compact subset of R? with dim F > a. By (I), there exists a measure p supported on
E such that I,(1) < co. From (II) we obtain
+o0
/ </ 17 (Re)|” de) RAR < C, / / ¢ [P R*2RARAO < Cy pLo(p1) < +00.
R=1 - -

Using Lemma 1, it follows that AE U —AEFE has positive Lebesgue measure, and hence so does AE. [

Theorem. Let o € (0,2). Then for every € > 0 there exists a constant C. such that the following holds. If

1 is a positive measure on R? whose support is contained in the unit disk and whose a-dimensional energy
4



satisfies

then for every R > 1,

/7r 7 (Re?)[* db < C.R™2*.
—

This theorem yields the distance set conjecture for av > %. Indeed, for every € > 0 and o = % + € we
have Re_% = R*2, 50 the previous proposition applies.

The proof of the theorem uses a number of elementary geometric arguments together with standard
properties of the Fourier transform. We first establish several auxiliary propositions and lemmas, then
introduce the technical tools needed later, and finally carry out the main argument.

In what follows, when we say that two rectangles have parallel sides, we mean that their long sides are
parallel and their short sides are parallel as well. The axis of a rectangle is the line parallel to its long
sides. When we speak of the angle between two rectangles, we mean the angle between their axes. If p is
a rectangle, then a dual rectangle is any rectangle whose axis is perpendicular to that of p, whose length

equals the reciprocal of the width of p, and whose width equals the reciprocal of the length of p.

Proposition 1. Let C' be a constant and let A be a family of rectangles with length between | and Cl and
width between w and Cw, such that whenever Ry, Ry € A, we have Ry C C'Ry. If the cardinality of A is
greater than a constant depending only on C', then there exist R, R’ € A such that R C 2R/.

Proof. Fix a rectangle Ry in A and take the rectangle NRy, with length < C?I and width < C?w,

so that it contains all the remaining rectangles in A. Next, for each R € A consider ]%,R. If all
1

the +R are pairwise disjoint, then (#A4)&4 < C*w. Let p = CN. Partition [I,Cl] into the inter-

N=lw, pNw]. Tf

vals [I,pl], [pl, p?1], ..., [pV 11, p"I] and [w,Cw] into the intervals [w, pw], [pw, p*w], ..., [p
#A > (N + 1)(N + 1)N?C*, then there exist two rectangles R;, Ry in A such that %Rl, %Rz have
nonempty intersection, their lengths belong to the same interval [p*~1l,p*I], and their widths belong to
the same interval [p*~1w, pfw]. If I}, 5 are the lengths of Ry, Ry and wy, wy their widths, then Iy < pl; and
we < pw;. Let ¢ be the angle between R; and R,. We shall prove that, if V is larger than a constant
depending on C, then Ry C 2R;.

From the hypothesis, Ry C C'Ry, and hence I3 sin ¢ < wy. It follows that

: 2w
sin ¢ §5 O



Define T} = %Rl and Ty = %RQ. For Ry C 2Ry, it suffices that N1, C 2NT;. Without loss of generality,
assume that the center of 7} is the origin. Let A = (A,, A,) be the center of 75 and B = (B,, B,) an
arbitrary point of it. We want A + N(B — A) € 2NT7, and we see that it is enough that

i) [Az + N(B: — 4,)| <,

i) [A,+ N(B, — A,)| < w;.

For i) we have

length (77)  diagonal (T3) I + «/w% + 13 L +V2  1+V2p
AJ: < + = < < ll

- 2 2 B - 2N
B, — A, < diagonal (T3) _ Vwi + 13 \/__l_g < Py
s el = 2 ON 2 N = BN

Therefore, i) holds provided that
1 +VICN W
N N
ki + <1
2N V2

which is true if N is larger than some constant depending only on C.

For part (ii), if 0 is the angle between the diagonal and the long axis of Ry, then

width (77) . diagonal (Tz)

Al < n(o 0
< 2N \g]_\lﬁ in¢ + \/_lz sin 6
wy wa 7T 2l2w

< W C
_2N+\/§N vz N

< L +ﬂ03w_<1+7r03)w1+ -2
—2N N\/_ 2v/2 N2 2N = 24/2N? N2
<(L+W_C3)wl+&
~— \2N  22N? NvV2

and similarly

B, — A< YUl 60 < € o+ 2L
y yl = IN \/_NZ NvV2

Finally, for ii) it is enough that

w <L 7C?3 ) pwq 0 23 pw1
' ovz) TR TaaN Tt e S

or, more simply,
1 1
1+ wC3 +ON+7TC3 +C'N<1
2N 2v2N2  Nv2  2NV2 V2 T

which is possible if N is larger than a constant depending on C'. U
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Proposition 2. Let C' be a constant and let €,t satisfy e < C. If F is a family of rectangles with lengths
between t and Ct and widths between et and 2¢et, and if for every T' € F and every p > 2¢, no rectangle

with the same axis and center as T' and width pt contains more than m® elements of F, then

ZXT

TeF

< Cmlog? Z T|.

TeF

Proof. Partition the interval [0, 7] into arcs [0, €], [e,2¢], ..., [2¥ 7 e, 2] with 2V7'e < 2 < 2V¢, and fix a

rectangle T; € F. If some rectangle T; € F intersects T; with axis angle w, then their intersection forms a
parallelogram of area
width (7;) width (T5)
sin w '
Using the fact that the width is smaller than 2¢t and that wg <sinw < w,

TiNT;| =

2t2
T;NTy;| < C’—
It follows that
2
ZXT Z/ Z XT,-'XTJ-Z /XTmT: T; 0T
TeF 9 T, T;€F T, T;€F T, T;€F

< Z (Z C—# {T T; intersects T at angle w : 2" e < w < 2k€}

T;eF \k=1

+ Cet’# {T; : T; intersects T; at angle w: 0 <w < 6})

Observe that N < C’log%. Finally, all the rectangles that intersect a fixed T; at angle w lie inside a
rectangle with the same center and axis as 7; and width < 2et +2Ctw = (2¢ 4+ 2Cw)t, so by the hypothesis

their number is at most mw <(C e Therefore

S

TeF

2 log
<C>y ; Tt m—+6t2

9 T;eF

1 1
< Cmlog - Z et* < Cmlog = Z T .
€ €

T,eF TeF

O

Lemma 1. Let C be a sufficiently large constant and ) a square in the plane with side length C. Let
1
F be a family of rectangles of width § = R™2, length 1, and cardinality #F = 61, all contained in Q.

Suppose that whenever two rectangles in the family F intersect, they form an angle of at least 6. Then
7



we can partition F into at most C (log %)2 subfamilies Fi; such that for each i and j there exist numbers
p=p(j) and 8 = 0(i) > 0 and a family of rectangles G;; = {7} with length between 1 and C and width
between 0 and 20 such that the following hold.

IfT € Fij, then there exists T, € G with T C 7y,

AfT e F, then T s contained in a bounded number of 7, 7, € Gij.

. Bvery 1, € G;j contains approzimately pg rectangles T from the family F.

N req, Xnll3 < Clog 530 6.
N rer, xrll3 < Cplog 5 X e s,

Tk‘.

7).

Tt =~ W N

Proof. For each rectangle T' € F we define Il1 to be the rectangle with the same center and sides parallel
to T" that maximizes the quantity

#({T e F: T C1I})
]

d(IT) = 6

From the way Il is constructed, the following hold:

[. Il contains 7', and at most it can contain all the elements of F that lie in the square @) of side
length C. Hence 1 < length of I < 2¢/2C = C and ¢ < width of II; < 2¢/2C = C.

I 07" < d(Tly) < 0% =5,

We partition F as follows. If we denote the width of Il by 67, then for some i € Z and some j € Z we
have 2771 < 07 < 277 and 27 < d(IIy) < 27%1. We define

Fij={T € F:0r e (27" 27" and d(Ily) € (2/,27%]},

set p =27 and § = C,27", where C] is a constant to be determined later. We observe that the number
of possible 7 satisfies #i < C’log% and similarly #;5 < C'log %, hence (#1i)(#7) < C (log %)2.

For each i,j we consider a maximal subset G of F;; such that if 71,7y € GJ;, then Ilg ¢ 2I7,. We
define G;; := {C1ly : T € Q;“J}

To prove (1), let T' € F;;. If C1Ilp € G;;, then T C C1Ip and we are done. If CyIly ¢ G;;, then there
exists some T with CiIly, € G;; and either IIp C 2II7, or Iy, C 2IIp. In the first case we are done. In
the second case, observe that IIp,, II; have comparable widths and lengths, since their widths range from
C1271 to €127 while their lengths range from 1 to C'. We conclude that, for a suitably large constant
(4, we obtain T' C Iy C C411y,.

To prove (2), let 7, € G;; be two arbitrary rectangles that contain the same 7" € F. Since they have
comparable dimensions, one is contained in a suitable dilation of the other. Taking into account that no

T is contained in twice another, Proposition 1 implies that the cardinality of such a set is bounded.
8



To prove (3), let 7, = C1Ily € G;; and let Iy and T be the corresponding objects. Then, by definition,

#{T'e F:T' Cllr}

d H :(5 I
( T) |HT’

hence

#{T" € F: T CIly} #{T" e F:T' Clly}
) <00 )
T

and taking into account that Il C 7, = C}IIy we find that

p=2 <6

0
#{T' e F: T C7} ZPS

On the other hand, Il maximizes the function d, hence

#{T' € F:T C 1}

|7 ]

d(ty) =0 < d(Ily) < 2p.

Therefore

0
#{T'ef:T'ng}gp@spg.

Let 7, = CilIIy € G;; and let R be a rectangle with sides parallel to 73, the same center, bounded length,
and width p. If R contains n rectangles 7, € G;;, then by 2 and 3 it contains at least C’npg rectangles T'
from F. By the maximality property of Ily, we have d(R) < d(Ilr), so

s
p

SO

=[S

and hence

p
< (C=.
n_CG

Applying Proposition 2 to the family G;; with m = C, t = 1, e = 0 establishes (4).
Let T' € F;; and let II be a rectangle with the same axis and center as 7" and width p. Suppose that

IT contains n elements of F. Since all the elements of F lie inside the square (), we may assume that

length(II) < C. Then d(II) < d(Ily), so 6+ < p and hence

11
o} _ Cpp
<p— < —.
neEPEETS
Applying Proposition 2 with m = Cp, t = 1, ¢ = 0 establishes (5). O

For each rectangle T in R?, let I'r denote the affine transformation that maps 7" onto the unit square.

If, in addition, ¢ () = min{||z|~*, 1}, where k is a natural number, then we define ¢\ = ¢(*) o ;.
9



With the notation of Lemma 1, we divide the unit circle into arcs 3, each of length about 6 = R %, and
also into arcs © of length about ¢, so that each arc 3 is contained in some arc ©. For each pair F;;, G;;
from Lemma 1 we consider the corresponding functions

k k
o= > o

TeFij,
angle of T’
lies in 8

ve = Y o

T€Gij,
angle of 7
lies in ©

The functions wék) and wg“ ) correspond to a specific pair F;, G;;.

Lemma 2. Let k > 2 be a natural number and let F;;, G;; be a pair. Then the functions wék) and wg)

satisfy

< C(k)plogR Y |T

TG]'—ij

vy
B

2
2
and

2
< C(k)logR > |7].
2

T€Gi;

¢(k)
2@: o

Proof. For every A > 1 and every T in F;; and 7 in G;;, the rectangles AT and A7 have widths from
A6 to 2A9 and from C'Af to 2C'Af respectively, and lengths from CA to C'A. Let T' € F;;. From the

proof of 5 in Lemma 1 we know that every rectangle Il with the same axis and center as T" and width p
contains fewer than % rectangles T’, where 7" € F. By a simple geometric argument, it is clear that
every rectangle IT with the same axis and center as AT and width Ap contains fewer than % rectangles
AT’ where T' € F. Applying Proposition 2 with m = CpA, t = CA, € = ¢, we find that

2

| 1
> xar| <CAplog= » | |AT|=CA%plog= > [T

TeFi; 9 TeF;; TeFij

Similarly,
2
> xar| SAlogR YT
7€Gi; 9 TeF;;

We consider the auxiliary function
+oo
BT = Z 2_ka2mT.
m=0

We shall show that ¢§f€ ) < Bp. It suffices to show that gbgfc ) o 7' < Brol';!, where I';! is the affine

transformation that sends ) to 7. In other words, we work with () in place of T
10



Let # € R2. Then there exists m € Z such that 277%™ > ¢(®) () > 27"~k "and hence if ||z|| € [2™, 2™+,
then ¢ (x) < 277 ypmiig(z) = 2820~ DRy oo (). Finally, for all z € R?,

+o0
o (x) <28 "2 yamg ().
m=0
Therefore

(k) 2k: BT
Hence we obtain

2

sl =T T e

B 2 TeF:;,
angle of T
lies in 3 2
2
=H 2 32
TeF;j, m=0
angle of T
lies in f3 2
2
+oo
3 hop s
TE]'-Z'J' m=0 9
2
+00
—# 5 5 2
m=0TeF;; 9
2
Mmkowskl
Z 274 D xam
TeF;; 9
1\ 2
+o00 2
< 4* ZQ*km 2°"plog R Z |T|
m=0 TG]‘—U
—+o0 2
3
=4*plogR Y |T| (Z 2—km22m>
TE.FL']' m=0
= C(k)plogR > |T].
TeFij
The second inequality is proved in the same way. U
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Let Ag be the annulus Ag = {¢: R—1 < ||{|| < R+ 1}, and partition it into disjoint annular sectors

£ of angular length approximately 6 = \/LE’ that is, each [ is of the form

{5 gl e [R—1>R+1],ﬁ€7},

where v is an arc of the unit circle of length approximately \/LE' Next we enlarge each sector by a factor
of C' and denote the enlarged sector by Cf3; thus each C'f3 is of the form

Cﬁz{f Il G[R—C,R+C],H§—“€7’},

where 7/ = C7 if Clength(y) < 27, or v/ = 27 otherwise. Let f be a function with the property that
f=> 5[5, where each fs is supported in ', and let Gg = ng Let © be another partition of the annulus

Ap into annular sectors such that each [ is contained in some ©. We define

1
2\ 2

> Gs

BCO

Sf=<Z|G6|2> C S =)0
B

)

Lemma 3. [|Syfls < C||Sf]l4-

Proof. Suppose the inequality has already been proved when f is supported in an “approximate” octant

of the circle. We then define

f(i) fs it B is contained in the ith octant,
’ 0 otherwise.

We also define
f(i) _ Z fg(i)-
B
Observe that fz =", fﬂ(i) and f =3, f®. Then

1
2\ 2

> >G5

e |gcoe i

-sfer)-(5

1
2 2\ 2
Minkowski

P

BCO

>.> 6

i BCO

-z

S}

= Spft.

2.2

i ©

12



By the triangle inequality,

1Soflls <> S0 fDlla < C D 115D

(1)) = (o)

P

i 3

[(ser)

Set hyj = 35 f5) + £ and h = 3, fs * fs. Observe that hy; = 0 if i # j. Then

IA

Z|G Zfﬁ)fﬁ _<Zf6 *fﬁ> = his

Also,

Z\GW Z fofs = (%jfﬂ*J?g)Aﬁ.

Therefore

—
=

0

1
Planéherel /
2\ 4 1 1
4 ~|2\ 4
_ / th‘,j _ (/’h|2) Planéherel (/‘h‘ )
,J

Hence, without loss of generality, we may assume that f is supported in the first octant.

2
o= | /|7

Plancherel

2
> Gs =

BCO

1Sa 15 =D

S}

Z Z Gﬁ*Gﬁl

O B,61CO

2

=3 S Y Gi#Gi kG xGal0)

01,02 §,61C01 B2,83C02

- X Y (GG (GarGa) 0

01,02 §,61C01 52,0302

= E : / § : § : GB * Gﬁz) <G51 * Gﬁs) E : / E : Gﬁ * G/BQ
01,02 BCO1 f1CO; 01,02 BCO;
B2C02 B3CO2 B2CO2

13



But é\’ﬁ = f; = fg and each fpg is supported in Cf3, so each fg, * fs, is supported in C'S; + C3;. Every
point x € R? belongs to only boundedly many such sets. If k¥ = k(C') denotes this number, then

2

— —_— HOldET‘ —~ /\2
> E G Y Y [|Gan
01,02 BCO, 01,02 BCO;

B2C02 B2E02
Plancherel 2
LS Y [16aGal
01,02 BCO;
B2C0O2

Finally,

1SS S Y / GsGl? = SFIIL

01,02 fCO;
B2C0O2

The following lemma is a special form of the uncertainty principle.

Lemma 4. Let ¢ = ¢ = min{1, |z||~™} and let G be a function whose Fourier transform G is supported

i a rectangle p. Then for every rectangle o, dual to p, one has

’ G
o

where ¢, = ¢ o'y and I, is the affine transformation that sends o to the unit square Q).

2

2
)
2

< Culo '

G
»2

o

Proof. We first prove the claim for 0 = p = Q). Let k£ be a Schwartz function such that E(x) = 1 whenever
r € Q). Then F+C=kG = @, because wherever G is nonzero, k equals 1. It follows that k x G = G for

almost every x € R?. Then

HgHm - H [ e {1} = gy min {1 2} S0 dyHoo
We observe that
ma {1, e} [k — )] min {1, [y =2} < Car(1 + )1+ Iyl k(e — 3]
< Carl1 4 e =y )M (1 + )™Mz — )
< Cul1 + [yl ™.

Therefore

<] <o fo | anzen]g
14

G
E(Q)‘ dy < Cy ‘
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We now pass to the general case. Let p be a rectangle with center x and let o be a dual rectangle with
center \. If T is the linear transformation that sends @ to p — k, then T~ is the linear transformation

that sends @ to o — A\. Let G be supported in p. Then
’ G

b0
(|det T| "L 2™ T 6G(T 6 + \)) = / | det T'| e 2miwée=2mn T QT 4 )) d€

|det T|~Le 27T EQ(T ¢ + \)
G (TP + A)

= |det T

o0

o

But

= / (detT| e 2m T T ST ) (T 4 )) de
= / | det |~ 2 Te eI T8 G(T ¢ + N) d€

_ /6—2m‘(T$+m)§G(§+ /\) d¢ = e2m’(Tm+n))\é(Tx_|_ﬁ)'

Since ¢ (T~*z + \) = ¢(x) and | det T|~Te=2"#T"*G(T 'z + \) has Fourier transform supported in Q, the

special case implies

TI-1 —2mikT ~tx Tt
‘g | det T |det T'|"te G(T 'z + \)
Dol oo ¢o (T + A) .
| det T'| e 2T G(T 'z + \)
CM’p’ 2 —t
02 (Tt + N) ,
1
< Culp|? 52,

l

Lemma 5. Let pu be a measure supported in the unit disk and with c-dimensional energy I,(u) = 1. Then
for every R > 2 we can decompose p into a sum of at most C'log R measures (i; such that

(D(x,
uy (R?) sup sup HLET) g
xT T'ZR71 TOC
Proof. For every x € D(0;1) we have D(0;1) C D(z;2), and hence

u(D(x;7)) - n(D(x;2)) _ 1 (D(O:1)) 2%“ (R?).

sup = =
op1 T 20 20

On the other hand,
sup ) < = n(R*) R,

We consider the sets



We define p; to be the restriction of ;1 to E; and observe that the number of j for which E; is nonempty
is C'log R. One has

sup sup I (]R2)
2€R2 r>R—1 re
Indeed, if z € £}, it is obvious that
(D(x,r .
sup iG] < 27 (R?).
r>R-1 re

If © ¢ E;, then we may assume that D(z,7) N E; # 0. For y € D(x,r) N E; we have D(z,r) C D(y,2r),
so for r > R~!
D) oty DW20) g 1 PO g, )

re (2r)e yeE; r>R-1 re
and the desired conclusion follows for every x € R%. Therefore, to prove the lemma it remains to show
that for every j,

ni (R?) = w(Ey) S (2 (R?))

For every j, the set E; is a bounded subset of R? and each of its points is the center of some disk
D(z,r) such that p(D(z,r)) > 2771 (R?)r*. By the Besicovitch covering lemma, there exists an at most
countable family of such disks, D,, = D,,(z,r), covering all of E;, and each point of R? belongs to at most

C' of these disks. For each n we have

dp()dp(y) du(z)dp(y) 1 | o
/anDn eyl - /anpn 2r)e (2r)e #(Dn) - (D) Z (D)2 1 (R?).

Finally, we have

210 () 0(55) < 2 (B) L Do) S 1 Ja——

n X D, ‘x_y‘a

/ ZXanDn 7)duly)

—yle

du(:v)du(y) _
< O/W W = Cla ().

Lemma 6. Suppose that p is a measure supported in the unit disk and that
1 a
= | i@ de < Bu (R?) R™2*
R Ja,
for every R > 1. Then
/ 7i(Re)|” b < CBu (R?) R™5 .
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Proof. Let k be a Schwartz function equal to one on the support of p (the unit disk). Since 1 = % i, we

have

/W |7 (Re®)|* do = /W l%*ﬁ(Rew)’z do

1

-/ (/ E(Reie—y)(%|ﬁ<y>r\%(Re”—y>F dy)2d6

K (Reia — y)’ dy/ ‘E (Rew — y)} dy db
R2

k (Rew — y)‘ db dy.

Since k is Schwartz,

/ F(Re” —y)| do < C A
- —r (14 |Re? — y|)
C [ Rd6 1

<
TR (L |Re® —y)* (1[R[
<COR(L+|R—[yl)™™.

Therefore

[ @) ao<c [ R m -yl )R dy

From here on, we have

+oo

1

R+ |R = [yl) ") dy < % / iy d
/RZ A+ [R=Jyl)™ e dy < (1+]R—\y|\)100"u(y)’ y

m=[~%]  R+2m-1<yl<R+2m+1

1 & 1

R (1 + |m])100
m=[-%] R+2m—1<|y|<R+2m+1

[fiy)|* dy

+oo

1 R+2m _a
2 § : +e€



Moreover,

E
X (R+2m —g+e 4] Rl-%+e Xl
Z ) )100 <C Z )100 100
'y (1+|m|) i (1 + |m])10 < m
= 5 m= 5 —[5]
[%] +o0
a 1 1
_ 1—-35+e
=CR"= ‘ (1 + m)100 ZR m9+5—e
" m=%]
<OR“3* 10—
— R98+%—e

< Cle%Jre
Finally,
/ |7 (Re™)|” 6 < Bu (R?) R™%+.

-

O

Fix a function f supported in the annulus A = {£: R—1 < [{| < R+ 1} with ||f||z2 = 1, and set

—

G = f(—x). Let h be a positive Schwartz function, and define
h(z)
H(z) = :
> pez2 Mz + k)
for which
Z H(:L’—i-m _ h(x—i—m) - EmeZQh(x"i_m) .

B ez > weze Mx +k+m) N > ke Rz + k) N

We also consider a positive Schwartz function g with g supported in @ and [ g = 1, and define b = H * g.

meZ?

Then b= H g is supported in @, and
be+m Z/H:v+m Y)g dy—/z (x+m—1y)g (y)dy:/g(y)dyzl.
meZ? mezZ? mez?

Therefore, if we tile R? by rectangles p* dual to a given rectangle p, then Zp* b, = 1. Next we partition
the annulus Ag into pairwise disjoint circular rectangles 3 of angular length approximately R_%, each of
which is contained in a standard rectangle ps with dimensions C' and C’R%. We write G = > , Gp with
G, = (X/E;(\—QU) For each p = pg and for all p* dual to p and tiling R?, we define Gz* = b,-G,. Moreover,
for each p, the function [;; is supported in the p corresponding to the given 5. Combined with Lemma 4,

this gives

G.b, |I?

-Sx %
p P

G,b

522m“#

p Pt 18”

2 2
sH Y Y|
2 b p* g



b

Since b is Schwartz and g5 has polynomial growth ||lz[*", we have

@2
b«
¢’£2 < Cuy.
Hence
bp* ? bp* ? 2 bp* ? 2 2
—@G :/ —G:/G —SC/G b, = CullGLll5.
; Qﬁ* P \ RQ; ¢§* p R2| p| ; ¢%* M R2| p| ; P M“ p||2
Finally,

2
1 1 . 1 1
< CuR2 YNIG,IE = CwRE Y113 = CurR2 s 13 < 2.
00 P P

p P
Summarizing, we have shown that

(1) >

ppr

GZ*
¢p*

2
1
< CuR2.

o

*

p

p*

From the hypothesis B = sup, sup,z-1 wPn) it follows immediately that u (R2) < CB. If

‘/Gdu‘ < 1 (R?) RV,

then for every f supported in Ag with || f||z2 = 1 it follows that

/AR a(z) f(—z) dz| = ‘/Gdu‘ < 1 (R?) R,

Therefore
/A A@)? de < 1 (R)? R < By (R?) R
x
and
i/ R de < B (B 5

Hence we may assume that
n(R*) R < ‘/de'.

Moreover, from (1) we see that

G=2.>.6; = 2 Gy

p P 1
—1 ~p* x
pip*: ||¢p* Gp HOOSCMR4
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< Cy. Therefore, for each p*,



Now

/ 2 Gy dy

po: ||GE 8| <R-100
_ / 3 b 071 GE dp
06,

< 16,/GY llo > Op dpt < 1 (R?) R,
b o

Therefore

[ s s

_ * 1
pp*: R7100 < |g LG [|oo < Car RE

/ Gdu' - / > G du

_ *
pop*: ¢ G Jloo < R0

‘/Gd,u‘ R2)R50>'/Gd/¢‘ ‘/Gd,u‘ _4O>C‘/Gd,u‘

1
In the usual way, we divide the p* into N < C'log R families by partitioning [R~1% C'R4] into dyadic

intervals:

-F;l — {p* . 21'71R7100 S HQS;* * - S Qinl(]O}.

Therefore,

_/ 3 G7 du ZC'/Gdu‘.

_ * 1
pop*: B190 < [671GY [l < Oog RE

1 C
> C— > :
_ON'/GdM‘ B OgR'/Gdu‘

Fix € > 0. We now restrict the p* even further by replacing F; with a subfamily Fi (depending on €), all

p,p*EF;
Hence there exists an 7 such that

/ Y Gidu

p.p*ip*EF;

of whose elements lie in a fixed square of side length 10, at the cost that — becomes R~ 2 Indeed, if R

is sufficiently large, then this square lies inside the disk centered at the origin and of radius R5, and hence

/ > G'”dqu/ > Gdpl.
pppEF p.p*:p"EF,

€
d(p* 0)>R5 d(p*,0)<R5
20
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Moreover,

Yo G _/ Yo Gl bpedp

pm*tp*efie, p,p*:p*eﬂé
d(p*,0)>R5 d(p*,0)>R5
p* 41
<1656 [ Y o

pvp*:p*efig
d(p*,0)>R5
S ZiR—IOO/ Z ¢p*d,u
p,p*:p*eﬂe
d(p*,0)>R5
1 1
<CR1 Y = ———u(R?)
PvP*ZP*G}—z‘é (d(p*,O))
d(p*,0)>R5
< Ri (R?) / L4
> K € T &t
|z|>R5 |z [M
1
R4

< Wu (R2> SJ L (R2> R—IOO S R—QO

/ G du' .
For the penultimate inequality to hold, M = M (e) must be sufficiently large. Now the disk centered at 0

and of radius Ré can be covered by at most N’ < C’Ré squares (), of side length 10, with small overlap,

so that each p* € F; is contained in some (). Then

N’ C
P > _ R dul .
Sl X = (m-n)|fou

P.p*:p*CQN

Hence, for some @)y,

[ X

PP*p* CQA

C
log R

> CR™5 R

/Gdu‘ > CR 2

foal

We define F; to be the family of those p* that belong to F; and are contained in ).
The family of rectangles F; has the following properties.

o If two elements pji, p5 are dual to the same original p, then they intersect along their boundaries,
since they form a tiling of R2. In the opposite case, their angle is equal to the angle of the
corresponding p, and consequently is greater than C’R_% = (.

e Since the area of each p* is C’Rf%, for each p there are C’R% rectangles p* C Q). Therefore
#F1 < CR%R% <CORM =(C6 10 =K,

e The length of the elements of F; is C' and the width is C'9.
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. 1
e We have 2 < [¢p-'G2"||oo < h, for every p* € Fy, where h = 2'R7'% and R7'% < h < CR1.

e From (1) it follows that

Go ? 1

> < CyR2,
p.p*:p* EF1 O o0

1

2

and from & < ||¢,'G57|| _ it follows that h*# (Fy) < CyR2.
By Lemma 1 we can split F; into at most C' (log %)2 subfamilies F;; for which the following hold:
1
e There exist numbers p and # > R 2 and a set G;; of rectangles 7 with length C' and width
approximately 0, such that each p* € F;; is contained in at least one 7 € G;;.

e Fach 7 € G;; contains approximately p0v/R rectangles from F.

e Fach p* € F is contained in at most C' members of F;;.

o #(Gy) S BE < S
Also, the following hold:

/ N G du|=CRS

/Gd,u| :
p,p*p*EF]

o If p* € Fi, then |GZ*‘ < hep+. This follows from the fact that ||gz5p_*1G’§*||C>Q < h.

/Gd,u’.

: CR2|[Gdu| _ CR2|[Gdyl .
2 G? du| > > >CR™¢
@ | X oz Hig) (egR?

p.p*:p*EFij

From (2) we have

/Z Y GYdu>CR:

1,J pp*ip*EFi

Therefore there exists a pair (i, ) such that

/Gd,u‘.

We set F = F;; and G = G;.
We summarize the properties of F and G:

. #(0) < Of
e Each 7 € G contains approximately pdyv/R rectangles from F.

«0>R1.

e Each p* € F is contained in at least one 7 € G.

>, Gydu

p.p*ip*EF
o If p* € F, then ‘Gg*‘ < hopp-.

1
o W4 (F) < CyR2.

> CR™|[ Gdyl.
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Now divide the unit circle into arcs © of length approximately 6 so that the radial projection of each
[ is contained in some ©. For each p let F(p) denote the family of all p* € F dual to p, and let G(O)
denote all 7 € G whose angle lies in C}0, where (] is a constant to be specified shortly. Applying Lemma
2, define

o= 4, Z o

p*€ F(p) T€EG(O
Then Lemma 2 gives

2
Z wg‘ﬁ F) pR—% log R
(3) 1
Zw‘” <#(FE

We also observe that, since the rectangles p* € F(p) can intersect at most along their boundary (if they

log R

are adjacent), %(24)

Define H, =) . G . Recall that G?" = b, ng( x). It follows that

p*eF(p
Hy= > G = 3" bysxaf(@)=xaf(@)+ > by
P*EF(p) P*EF(p) pP*EF(p)

Note here that 5 = ((p) and supp b/p\* = p, for all p* € F(p). Therefore supp }/I\p =p+ 5 C 2p. We also

set Ho =) o H, and
N
- (S
B

When we write p € © we mean that the corresponding ((p) has radial projection onto the unit circle

contained in the arc ©.

Lemma 7.

1P]ls < hlog R)} (# <f>zofza>-%)Z .

Proof. For each p, [/{\p is supported in 2p. By Lemma 3 we have

1
2
1Pl < (zw)
p

4
On the other hand,

T

p*€F(p)
23



Therefore

212
1Pl Skl D0 ol
p p*€F(p) 9
1
|12
4
= (")
P 2
1
1\ 4
S| sosn (#(f)mz—i) |
O
We shall also need the following estimate for Hg. o

SO

Hol <> 1H <Y > hof?.

pCO pPCO p*eF(p)
Let p C ©. From the proof of part 2 in Lemma 1, we know that all 7 containing p* have comparable angle.
Choose C so that every 7 containing p* belongs to G(O).
We have

D > heptsh y Yoo

pCO p*eF(p) TEG(O) p*CT
Each 7 has length C' and width < C'. Each p* has length 1 and width \/LE' Also, for each p the corresponding
p* are disjoint, so 7 contains at most v/R rectangles p* corresponding to the same p. The number of such
p is at most VR, so each 7 contains at most C'R rectangles p*. For every p* € F we have gb;{‘f,) < gb(TM)

Therefore
(4) Hol <h Y > o0 ShCR > M = hCREG"
TEG(O) p*CT T€G(O)

From this point on we enter the main part of the proof. Every square of side length ¢ introduced below is
understood to be a translate of [0,¢) x [0,¢) by an element of ¢Z?, so these squares tile the plane. Observe

that

for every x and y, and from this it follows that

() max (6, |z —y[)\"*
) < (Rl Z DY ),
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Define an A-square to be a square @ of side length 6 such that maxg ) ¢ \I/(g) € [A,2A]. From the last
inequality, if @ is an A-square then ming ) ¢ \IIS) 2 maxg Y o \Ilgl) > A. From (3) we obtain

1
number of A-squares = Ve Z A?
Q: the Q is an A-square Q@
2

1
Sep Y [Xw

Q: the @ is an A-square Rl e
2
1 (4) 1 #F
< Uyl < log R.
A202 g , AQQQ p\/ﬁ

Moreover, if z, y lie in a square @) of side length C', then
A 4
(max{e, o~ y\}) < < cl> o
0 R—E

(4) 2. (4)
max Uy’ < R°min U
3 E@ , o~ a §® e

If we restrict attention to the A-squares that intersect the support of u, then all of them lie in one large

and so

square of side length C'. On that square the function ) o \I/gl) is bounded, so there are at most C'log R

values A = 27 corresponding to such 2’-squares. We shall show that

/E > Gy dp

A pxeF

1 p
S (B (=) 2 B

Here F 4 is the union of all A-squares intersecting the support of pu.

Proposition 3. There exists a radial function q such that |q(z)] < On(1 + |z|)™N for every N, with the
following property. If t = (OR)™Y, ¢'(x) = t72q(t '), and @ is the absolutely continuous measure q' * u,

namely
A(A) = / / q'(z — y)dp(y)dz
A JR2
with density
i t
F —)d
L= [ = nduto)

then for every © and every square of side length greater than t,

(5) [ 1Heldu £ 32 [ |Helan
Q

7>0 2@
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Proof. We shall prove the existence of ¢ so that (5) holds for squares @ of side length t. Let A € Z be
such that ¢ () < CY >0 2792 Y910 and let k be a radial Schwartz function with k =1 on a sufficiently
large disk centered at the origin. Since t is fixed, the support of }/I\@ lies inside a disk dilated by Ot~ for
some C. It follows that ]H@\ < C|kt] |Hg| and consequently |Hg| < kY| % |[Hg|. Also

T v 65’ (v)
[ iteldn s [ wisinel= [ [ i ) Hel(a) 5 )

/Rz Q ¢8)<y) :u( )‘ ®|< )¢Q (y) Y.

Moreover, #() < C(1+tYy—=|)?, so by setting ¢(z) = (1 + |z)*|k(z)], the function ¢ decays as
Q W

required, and furthermore

| VHeldn 5 [ datlHel(an) £ 32 [ |Holdm

7>0 2Q

By simple geometric arguments, the inequality is first proved for the case where the squares have side

length 27t with j > 1, and then the general case follows. 0

M Indeed,

re

= /R2 /D(wo;r) q'(x —y)du(y) do = /}R2 /R2 ¢"(2) XD (@g—yr) () dpu(y) dz

= / qt(x)/ XD(:rofx;r) (y) d,u(y) dx < CBre.
R2 R2

It is also true that zi (D,) < CBr®, where B = sup, sup,>z-1

It is also easy to see that 77 (R?) = Cu (R?). We shall also need the following proposition.

Proposition 4.




Proo f

/yq z—y)| duy) < (UR) /}qeRx— )| duly)

<onony [ o a +|eR<x— o~ W)
1

1
=C 032/ ) + / d
YOI ) G R =g Y Z 22 (T R =)

[ 1
< ON(QR)2 / +Z/k 1 ok k: DN dﬂ]
i D(:(:,GR <|z— y|<
< (OR)* (k- 1N“( ( 703))]
1 R | ke
< OR)? | B B
< On(0R) (0R)a+22(k o~ (gR)e
+oo
< Cn(0R)’B(OR)™ |14 2V 25N | < OyB(0R)*
k=1

Let @ be an A-square. Then

> Gdu <Z/IH@\du— > /IH@\du+ > /QIHe!du-

pp preF ©:maxg \IIS)ER*€ @ ©:maxg \IJ(G;1><R*E

M
For the second term, from (4) it follows that |He| < Rh\Ifé)M) < Rh (@g) Y If M is chosen sufficiently

large, then
M
) |Holdy S n(R)AR™T° < p(R2) R,

©:maxg \Ilg><R’6
The number of © in the first term is at most R°A, since \I/gl) > R~ and their sum is < A. Since 6 > (RA)™!

and by Proposition 3,

/ > G dp| S

Q pp*ipreF

<3 om / S |Holdn+ u(R2)R™

320 @ :maxg \I/( )>R €

(AR°)2 Z 2~ / di + p(R*) R,
7>0

We shall estimate the integral

[ X o

A p,p*p*€F
27




by summing over all A-squares. Let Ef;1 be the 27-dilation of the union E4 of all A-squares. Since there
are at most R such A-squares intersecting the support of u, the second term contributes no more than

w(R?)R™%. From Proposition 4 we obtain

/E > Gdp| S

A p,p*ip*€F

dp

R2)R™9.
- + p(R)

4 .
L3(E%)

1 . .
(AR)22| P> 2%27
J

l\)l»—A

< (AR (log B) h (#(F ) 222A (OR)*5* W(EL)1 + p(R)R.

Since for every z, i (D(z;7)) < CBr?, every square of side length 6 has fi-measure at most B#*. We also
showed that the number of A-squares is at most C’ #T log RO2A2,

#(F)
»WR

(Ey) SlogR 0 2A2B0>.

Equivalently,
1
p SH#(F)BO2R2A i (E4) " 6 log R.
A 2/-dilate of an A-square has f-measure at most C' B2/, and therefore

1 L X
pS#(F)BO 2R IAE(E,) 276 log R.

1

1 _1
Using also that h < R4 (# (F)) 2, we obtain

/ > Gdu| S
E

A p,p*ip*€F
) 1 Ri1 2 -1 4 1 s 3
(logR)Z(ARG)%—l-Z((# (F))"BO*R A1 (E%) 270‘9alogR> 2@ NIBT (OR) T T(E%)4
(#(F)* 7
+ u(®R*)R™

Finally, from (2) we have

< C(logR)? R¥ (Bu (R2))? RG%),

[ ¥ o

Eapprprer

‘/Gdu‘ < CFR*

If f is a function supported on Ag and || f||z2 = 1, then

/A @ () da

—3e+14a
2

_ ‘/Gdu' < (log B)* (By (R?))* R
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Therefore

% [ i) do < . (R?) R5 e,
R
This, by Lemma 6, gives
(6) / 7 (Re®)[* db < C.Bp (R?) R 2+,

If we assume that p is a measure supported on the unit disk and has a-dimensional energy 1, then, as
in Lemma 5, we can find measures p; with 1 < j < log R such that p = Zj ft; and
(D
iy (R2) sup sup L&) <)
x r>R-1 re

For each one of these measures, (6) holds:

/ 7 (e[ d6 < Cosup sup L PO ey e < o gt

_r © r>R-1 re

/_:‘ (Re“9 | d@—/ Zu] Rew
<10gRZ/ ) } do

< . (log Ry R2+% < 0. R~ 270,

Finally,

This yields the theorem.
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