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Introduction

Steinhaus’s theorem asserts that if A ⊆ R has positive Lebesgue measure, then A − A contains a

neighborhood of the origin. Although both the statement and the proof of this result are elementary, its

higher-dimensional analogue has become one of the central difficult problems in geometric measure theory:

Falconer’s distance set conjecture. The conjecture states that if A ⊆ R2 has Hausdorff dimension greater

than 1, then its distance set

∆A = {|x− y| : x ∈ A, y ∈ A}

has positive Lebesgue measure.

Pertti Mattila was the first to attack this problem using methods from harmonic analysis and geometric

measure theory. His starting point was the following observation. Let µ be a measure supported on A,

and let νµ be its push-forward under the distance map:

νµ(B) = µ× µ {(x, y) : |x− y| ∈ B} , B ⊂ R Borel.

If the Fourier transform of νµ belongs to L2, then |∆A| > 0. Mattila’s method therefore leads naturally to

estimates for spherical averages of Fourier transforms of measures. The theorem analyzed in this thesis,

due to Thomas Wolff, gives an estimate for circular averages of Fourier transforms of measures and remains

the strongest result known for the planar distance set problem.

Keywords. Harmonic analysis, geometric measure theory, “distance set conjecture,” Hausdorff measure.
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Abstract

This thesis studies circular averages of Fourier transforms of measures in connection with Falconer’s

distance set conjecture. If A ⊆ R2 has Hausdorff dimension greater than 1, the conjecture predicts that

its distance set

∆A = {|x− y| : x ∈ A, y ∈ A}

has positive Lebesgue measure.

Mattila’s approach relates this question to the Fourier transform of the push-forward of a measure under

the distance map. In particular, if µ is supported on A and the associated distance measure νµ satisfies

ν̂µ ∈ L2, then |∆A| > 0. This reduces the problem to estimating spherical, and in the planar case circular,

averages of Fourier transforms of measures.

The main result analyzed here is a theorem of Thomas Wolff giving an upper bound for such circular

averages. As a consequence, one obtains the best currently known progress toward Falconer’s conjecture

in the plane.

Keywords. Harmonic analysis, geometric measure theory, distance set conjecture, Hausdorff measure.
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The Theorem and Its Proof

We begin by showing how circular averages are connected with the distance set conjecture. For this

purpose, we take the following facts as known.

(I) The Hausdorff dimension of a compact set E coincides with the number

sup{a : there exists a probability measure µ on E with Ia(µ) < +∞}

(II) ∫ ∫
|x− y|−αdµ(x)dµ(y) = cα

∫
|µ̂(ξ)|2|ξ|α−nd ξ

(III) If σR is the surface measure on the circle centered at 0 with radius R, then

σ̂R = 2(R|x|)
1
2 cos

(
2π(R|x| − 1

8
)
)
+ ΩR(x)

where ΩR(x) = O
(
(R|x|)− 3

2

)
for R|x| > 1 and ΩR(x) = O

(
(R|x|)− 1

2

)
for R|x| < 1.

(IV) If µ̂ ∈ L2, then µ = f dx for some f ∈ L2.

Let E ⊆ R2 with dimHE = α. By (I), there exists a probability measure µ on E with finite α-dimensional

energy. Let νµ be the push-forward of µ to the distance set of E, namely ∆E = {|x− y| : x, y ∈ E}. Thus

dνµ(t) = |x− y|dµ(x)dµ(y), (t = |x− y|)

The measure νµ is supported on ∆E, and Iα(µ) =
∫
t−α dνµ. If we show that ν̂µ ∈ L2, then by (IV) there

exists f ∈ L2 with dνµ(t) = f dt, and since Iα(µ) > 0 it follows that |∆E| > 0. For technical reasons, we

shall instead work with the measure

ν = dν(t) = ei
π
4 t−

1
2dνµ(t) + e−i

π
4 |t|−

1
2dνµ(−t),

which is supported on ∆E ∪ −∆E.

Lemma. The following are equivalent:

(1) ν̂ ∈ L2(R),

(2) ∫ +∞

R=1

(∫ π

−π

∣∣µ̂ (Reiθ)∣∣2 d θ)2

RdR ≤ ∞.

Proof.

ν̂(k) = ei
π
4

∫
|x− y|−

1
2 e−2iπk|x−y| dµ(x)d µ(y) + e−iπ

4

∫
|x− y|−

1
2 e2iπk|x−y| dµ(x)d µ(y)

= 2

∫
|x− y|−

1
2 cos(2π(k|x− y| − 1

8
))dµ(x) dµ(y)
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On the other hand, for k > 0,∫ π

−π

∣∣µ̂ (keiθ)∣∣2 d θ = ∫
R2

σ̂k ∗ µ dµ

= 2k−
1
2

∫∫
|x− y|−

1
2 cos(2πk|x− y| − 1

8
) dµ(x) dµ(y) +

∫∫
Ω(k|x− y|) dµ(x) dµ(y)

= 2k−
1
2

∫∫
|x− y|−

1
2 cos(2πk|x− y| − 1

8
) dµ(x) dµ(y)

+O

 ∫∫
k|x−y|>1

(k|x− y|)−
3
2 dµ(x) dµ(y)


+O

 ∫∫
k|x−y|≤1

(k|x− y|)−
1
2 dµ(x) dµ(y)


= 2k−

1
2

∫∫
|x− y|−

1
2 cos(2πk|x− y| − 1

8
) dµ(x) dµ(y) +O

(∫∫
(k|x− y|)−α dµ(x) dµ(y)

)
for every α ∈

[
1
2
, 3
2

]
.

Therefore,

ν̂(k) = |k|
1
2

∫ π

−π

∣∣µ̂ (keiθ)∣∣2 d θ +O
(
|k|

1
2
−αIα(µ)

)
.

The second term belongs to L2
{|k|>1}. Since ν̂ ∈ L2([−1, 1]) in any case, we conclude that ν̂(k) belongs

to L2 if and only if |k|
1
2
∫ π

−π

∣∣µ̂ (keiθ)∣∣2 d θ belongs to L2. □

Proposition. Let α > 1 be such that, whenever µ is a compactly supported measure with finite α-

dimensional energy, we have ∫ π

−π

|µ̂(Reiθ)|2 dθ ≤ CµR
α−2.

Then every compact subset of R2 with dimension greater than α has distance set of positive Lebesgue

measure.

Proof. Let E be a compact subset of R2 with dimE > α. By (I), there exists a measure µ supported on

E such that Iα(µ) <∞. From (II) we obtain∫ +∞

R=1

(∫ π

−π

∣∣µ̂ (Reiθ)∣∣2 d θ)2

RdR ≤ Cµ

∫ +∞

R=1

∫ π

−π

∣∣µ̂ (Reiθ)∣∣2Rα−2RdRd θ ≤ Cα,µIα(µ) ≤ +∞.

Using Lemma 1, it follows that ∆E ∪ −∆E has positive Lebesgue measure, and hence so does ∆E. □

Theorem. Let α ∈ (0, 2). Then for every ϵ > 0 there exists a constant Cϵ such that the following holds. If

µ is a positive measure on R2 whose support is contained in the unit disk and whose α-dimensional energy
4



satisfies

Iα(µ)
def
=

∫∫
1

|x− y|α
dµ(x)dµ(y) = 1,

then for every R ≥ 1, ∫ π

−π

∣∣µ̂ (Reiθ)∣∣2 dθ ≤ CϵR
−α

2
+ϵ.

This theorem yields the distance set conjecture for α > 4
3
. Indeed, for every ϵ > 0 and α = 4

3
+ ϵ we

have Rϵ−α
2 = Rα−2, so the previous proposition applies.

The proof of the theorem uses a number of elementary geometric arguments together with standard

properties of the Fourier transform. We first establish several auxiliary propositions and lemmas, then

introduce the technical tools needed later, and finally carry out the main argument.

In what follows, when we say that two rectangles have parallel sides, we mean that their long sides are

parallel and their short sides are parallel as well. The axis of a rectangle is the line parallel to its long

sides. When we speak of the angle between two rectangles, we mean the angle between their axes. If ρ is

a rectangle, then a dual rectangle is any rectangle whose axis is perpendicular to that of ρ, whose length

equals the reciprocal of the width of ρ, and whose width equals the reciprocal of the length of ρ.

Proposition 1. Let C be a constant and let A be a family of rectangles with length between l and Cl and

width between w and Cw, such that whenever R1, R2 ∈ A, we have R1 ⊂ CR2. If the cardinality of A is

greater than a constant depending only on C, then there exist R,R′ ∈ A such that R ⊂ 2R′.

Proof. Fix a rectangle R0 in A and take the rectangle NR0, with length ≤ C2l and width ≤ C2w,

so that it contains all the remaining rectangles in A. Next, for each R ∈ A consider 1
N
R. If all

the 1
N
R are pairwise disjoint, then (#A) lw

N2 ≤ C4lw. Let p = C
1
N . Partition [l, Cl] into the inter-

vals [l, pl], [pl, p2l], . . . , [pN−1l, pN l] and [w,Cw] into the intervals [w, pw], [pw, p2w], . . . , [pN−1w, pNw]. If

#A ≥ (N + 1)(N + 1)N2C4, then there exist two rectangles R1, R2 in A such that 1
N
R1,

1
N
R2 have

nonempty intersection, their lengths belong to the same interval [pk−1l, pkl], and their widths belong to

the same interval [pk−1w, pkw]. If l1, l2 are the lengths of R1, R2 and w1, w2 their widths, then l2 ≤ pl1 and

w2 ≤ pw1. Let ϕ be the angle between R1 and R2. We shall prove that, if N is larger than a constant

depending on C, then R1 ⊆ 2R2.

From the hypothesis, R2 ⊂ CR1, and hence l2 sinϕ ≤ w1. It follows that

sinϕ ≤ C2w
l
.
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Define T1 =
1
N
R1 and T2 =

1
N
R2. For R2 ⊂ 2R1, it suffices that NT2 ⊂ 2NT1. Without loss of generality,

assume that the center of T1 is the origin. Let A = (Ax, Ay) be the center of T2 and B = (Bx, By) an

arbitrary point of it. We want A+N(B − A) ∈ 2NT1, and we see that it is enough that

i) |Ax +N(Bx − Ax)| ≤ l1,

ii) |Ay +N(By − Ay)| ≤ w1.

For i) we have

Ax ≤ length (T1)

2
+

diagonal (T2)

2
=
l1 +

√
w2

2 + l22
2N

≤ l1 +
√
2l2

2N
≤ 1 +

√
2p

2N
l1

|Bx − Ax| ≤
diagonal (T2)

2
=

√
w2

2 + l22
2N

≤
√
2

2

l2
N

≤ p√
2N

l1

Therefore, i) holds provided that

1 +
√
2C

1
N

2N
+
C

1
N

√
2

≤ 1,

which is true if N is larger than some constant depending only on C.

For part (ii), if θ is the angle between the diagonal and the long axis of R2, then

|Ay| ≤
width (T1)

2
+

diagonal (T2)

2
sin(θ + ϕ) =

w1

2N
+

√
w2

2 + l22
2N

sin(θ + ϕ)

≤ w1

2N
+

√
2l2

2N
sinϕ+

√
2l2

2N
sin θ

≤ w1

2N
+

w2√
2N

+
π

2
√
2
C2 l2w

N2l

≤ w1

2N
+

w2

N
√
2
+

π

2
√
2
C3 w

N2
=

(
1

2N
+

πC3

2
√
2N2

)
w1 +

w2

N
√
2

≤
(

1

2N
+

πC3

2
√
2N2

)
w1 +

pw1

N
√
2

and similarly

|By − Ay| ≤
√
w2

2 + l22
2N

sin(ϕ+ θ) ≤ π

2
√
2

C3

N2
w1 +

pw1

N
√
2

Finally, for ii) it is enough that

w1

(
1

2N
+

πC3

2N2
√
2

)
+

pw1

N
√
2
+

π

2
√
2

C3

N
w1 +

pw1√
2
≤ w1

or, more simply,

1

2N
+

πC3

2
√
2N2

+
C

1
N

N
√
2
+

πC3

2N
√
2
+
C

1
N

√
2

≤ 1,

which is possible if N is larger than a constant depending on C. □
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Proposition 2. Let C be a constant and let ϵ, t satisfy ϵ < C. If F is a family of rectangles with lengths

between t and Ct and widths between ϵt and 2ϵt, and if for every T ∈ F and every ρ > 2ϵ, no rectangle

with the same axis and center as T and width ρt contains more than mρ
ϵ
elements of F , then∥∥∥∥∥∑

T∈F

χT

∥∥∥∥∥
2

2

≤ Cm log 1
ϵ

∑
T∈F

|T |.

Proof. Partition the interval [0, π
2
] into arcs [0, ϵ], [ϵ, 2ϵ], . . . ,

[
2N−1ϵ, π

2

]
with 2N−1ϵ < π

2
≤ 2Nϵ, and fix a

rectangle Ti ∈ F . If some rectangle Tj ∈ F intersects Ti with axis angle ω, then their intersection forms a

parallelogram of area

|Ti ∩ Tj| =
width (Ti) width (Tj)

sinω
.

Using the fact that the width is smaller than 2ϵt and that ω 2
π
≤ sinω ≤ ω,

|Ti ∩ Tj| ≤ C
ϵ2t2

ω
.

It follows that∥∥∥∥∥∑
T∈F

XT

∥∥∥∥∥
2

2

=

∫ ∑
Ti,Tj∈F

XTi
· XTj

=
∑

Ti,Tj∈F

∫
XTi∩Tj

=
∑

Ti,Tj∈F

|Ti ∩ Tj|

≤
∑
Ti∈F

(
N∑
k=1

C
ϵ2t2

ω
#
{
Tj : Tj intersects Ti at angle ω : 2k−1ϵ ≤ ω ≤ 2kϵ

}
+ Cϵt2# {Tj : Tj intersects Ti at angle ω : 0 ≤ ω ≤ ϵ}

)
Observe that N ≤ C log 1

ϵ
. Finally, all the rectangles that intersect a fixed Ti at angle ω lie inside a

rectangle with the same center and axis as Ti and width ≤ 2ϵt+2Ctω = (2ϵ+2Cω)t, so by the hypothesis

their number is at most m2ϵ+2Cω
ϵ

≤ Cmω
ϵ
. Therefore

∥∥∥∥∥∑
T∈F

XT

∥∥∥∥∥
2

2

≤ C
∑
Ti∈F

C log 1
ϵ∑

k=1

ϵ2t2

ω
· mω
ϵ

+ ϵt2m


≤ Cm log

1

ϵ

∑
Ti∈F

ϵt2 ≤ Cm log
1

ϵ

∑
T∈F

|T | .

□

Lemma 1. Let C be a sufficiently large constant and Q a square in the plane with side length C. Let

F be a family of rectangles of width δ = R−1
2 , length 1, and cardinality #F = δ−100, all contained in Q.

Suppose that whenever two rectangles in the family F intersect, they form an angle of at least δ. Then
7



we can partition F into at most C
(
log 1

δ

)2
subfamilies Fij such that for each i and j there exist numbers

p = p(j) and θ = θ(i) ≥ δ and a family of rectangles Gij = {τk} with length between 1 and C and width

between θ and 2θ such that the following hold.

1. If T ∈ Fij, then there exists τk ∈ Gij with T ⊆ τk.

2. If T ∈ F , then T is contained in a bounded number of τk, τk ∈ Gij.

3. Every τk ∈ Gij contains approximately p θ
δ
rectangles T from the family F .

4. ∥
∑

τk∈Gij
χτk∥22 ≤ C log 1

δ

∑
τk∈Gij

|τk|.

5. ∥
∑

T∈Fij
χT∥22 ≤ Cp log 1

δ

∑
T∈Fij

|T |.

Proof. For each rectangle T ∈ F we define ΠT to be the rectangle with the same center and sides parallel

to T that maximizes the quantity

d(Π) = δ
#
(
{T ′ ∈ F : T ′ ⊆ Π}

)
|Π|

.

From the way ΠT is constructed, the following hold:

I. ΠT contains T , and at most it can contain all the elements of F that lie in the square Q of side

length C. Hence 1 ≤ length of ΠT ≤ 2
√
2C = C and δ ≤ width of ΠT ≤ 2

√
2C = C.

II. δ−1 ≤ d(ΠT ) ≤ δ#F
|T | = δ−100.

We partition F as follows. If we denote the width of ΠT by θT , then for some i ∈ Z and some j ∈ Z we

have 2−i−1 < θT ≤ 2−i and 2j < d(ΠT ) ≤ 2j+1. We define

Fij :=
{
T ∈ F : θT ∈ (2−i−1, 2−i] and d(ΠT ) ∈ (2j, 2j+i]

}
,

set p = 2j and θ = C12
−i−1, where C1 is a constant to be determined later. We observe that the number

of possible i satisfies #i ≤ C log 1
δ
and similarly #j ≤ C log 1

δ
, hence (#i)(#j) ≤ C

(
log 1

δ

)2
.

For each i, j we consider a maximal subset G∗
ij of Fij such that if T1, T2 ∈ G∗

ij, then ΠT1 ⊈ 2ΠT2 . We

define Gij := {C1ΠT : T ∈ G∗
ij}.

To prove (1), let T ∈ Fij. If C1ΠT ∈ Gij, then T ⊆ C1ΠT and we are done. If C1ΠT /∈ Gij, then there

exists some T1 with C1ΠT1 ∈ Gij and either ΠT ⊆ 2ΠT1 or ΠT1 ⊆ 2ΠT . In the first case we are done. In

the second case, observe that ΠT1 , ΠT have comparable widths and lengths, since their widths range from

C12
−i−1 to C12

−i while their lengths range from 1 to C. We conclude that, for a suitably large constant

C1, we obtain T ⊆ ΠT ⊆ C1ΠT1 .

To prove (2), let τk ∈ Gij be two arbitrary rectangles that contain the same T ∈ F . Since they have

comparable dimensions, one is contained in a suitable dilation of the other. Taking into account that no

τk is contained in twice another, Proposition 1 implies that the cardinality of such a set is bounded.
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To prove (3), let τk = C1ΠT ∈ Gij and let ΠT and T be the corresponding objects. Then, by definition,

d(ΠT ) = δ
#{T ′ ∈ F : T ′ ⊆ ΠT}

|ΠT |
,

hence

p = 2j ≤ δ
#{T ′ ∈ F : T ′ ⊆ ΠT}

θT
≤ δC1

#{T ′ ∈ F : T ′ ⊆ ΠT}
θ

and taking into account that ΠT ⊆ τk = C1ΠT we find that

#{T ′ ∈ F : T ′ ⊆ τk} ≳ p
θ

δ
.

On the other hand, ΠT maximizes the function d, hence

d(τk) = δ
#{T ′ ∈ F : T ′ ⊆ τk}

|τk|
≤ d (ΠT ) ≤ 2p.

Therefore

#{T ′ ∈ F : T ′ ⊆ τk} ≲ p
|τk|
δ

≲ p
θ

δ
.

Let τk = C1ΠT ∈ Gij and let R be a rectangle with sides parallel to τk, the same center, bounded length,

and width ρ. If R contains n rectangles τk ∈ Gij, then by 2 and 3 it contains at least Cnp θ
δ
rectangles T

from F . By the maximality property of ΠT , we have d(R) ≤ d(ΠT ), so

δ
np θ

δ

ρ
≲ δ

p θ
δ

θ
,

and hence

n ≤ C
ρ

θ
.

Applying Proposition 2 to the family Gij with m = C, t = 1, ϵ = θ establishes (4).

Let T ∈ Fij and let Π be a rectangle with the same axis and center as T and width ρ. Suppose that

Π contains n elements of F . Since all the elements of F lie inside the square Q, we may assume that

length(Π) ≤ C. Then d(Π) ≤ d(ΠT ), so δ
n
|Π| ≤ p and hence

n ≤ p
|Π|
δ

≤ Cpρ

δ
.

Applying Proposition 2 with m = Cp, t = 1, ϵ = δ establishes (5). □

For each rectangle T in R2, let ΓT denote the affine transformation that maps T onto the unit square.

If, in addition, ϕ(k)(x) = min{∥x∥−k, 1}, where k is a natural number, then we define ϕ
(k)
T = ϕ(k) ◦ ΓT .

9



With the notation of Lemma 1, we divide the unit circle into arcs β, each of length about δ = R− 1
2 , and

also into arcs Θ of length about θ, so that each arc β is contained in some arc Θ. For each pair Fij, Gij

from Lemma 1 we consider the corresponding functions

ψ
(k)
β =

∑
T∈Fij ,

angle of T
lies in β

ϕ
(k)
T ,

ψ
(k)
Θ =

∑
τ∈Gij ,

angle of τ
lies in Θ

ϕ(k)
τ .

The functions ψ
(k)
β and ψ

(k)
Θ correspond to a specific pair Fij, Gij.

Lemma 2. Let k ≥ 2 be a natural number and let Fij, Gij be a pair. Then the functions ψ
(k)
β and ψ

(k)
Θ

satisfy ∥∥∥∥∥∑
β

ψ
(k)
β

∥∥∥∥∥
2

2

≤ C(k)p logR
∑
T∈Fij

|T |

and ∥∥∥∥∥∑
Θ

ψ
(k)
Θ

∥∥∥∥∥
2

2

≤ C(k) logR
∑
τ∈Gij

|τ |.

Proof. For every A ≥ 1 and every T in Fij and τ in Gij, the rectangles AT and Aτ have widths from

Aδ to 2Aδ and from CAθ to 2CAθ respectively, and lengths from CA to C ′A. Let T ∈ Fij. From the

proof of 5 in Lemma 1 we know that every rectangle Π with the same axis and center as T and width ρ

contains fewer than Cpρ
δ

rectangles T ′, where T ′ ∈ F . By a simple geometric argument, it is clear that

every rectangle Π with the same axis and center as AT and width Aρ contains fewer than CpAρ
δ

rectangles

AT ′, where T ′ ∈ F . Applying Proposition 2 with m = CpA, t = CA, ϵ = δ, we find that∥∥∥∥∥∥
∑
T∈Fij

χAT

∥∥∥∥∥∥
2

2

≤ CAp log
1

δ

∑
T∈Fij

|AT | = CA3p log
1

δ

∑
T∈Fij

|T |.

Similarly, ∥∥∥∥∥∥
∑
τ∈Gij

χAτ

∥∥∥∥∥∥
2

2

≲ A3 logR
∑
T∈Fij

|T |.

We consider the auxiliary function

BT =
+∞∑
m=0

2−kmχ2mT .

We shall show that ϕ
(k)
T ≲ BT . It suffices to show that ϕ

(k)
T ◦ Γ−1

T ≲ BT ◦ Γ−1
T , where Γ−1

T is the affine

transformation that sends Q to T . In other words, we work with Q in place of T .
10



Let x ∈ R2. Then there existsm ∈ Z such that 2−km ≥ ϕ(k)(x) ≥ 2−(m−1)k, and hence if ∥x∥ ∈ [2m, 2m+1],

then ϕ(k)(x) ≤ 2−kmχ2m+1Q(x) = 2k2(−m−1)kχ2m+1Q(x). Finally, for all x ∈ R2,

ϕ(k)(x) ≤ 2k
+∞∑
m=0

2−kmχ2mQ(x).

Therefore

ϕ
(k)
T ≤ 2kBT .

Hence we obtain

∥∥∥∥∥∑
β

ψ
(k)
β

∥∥∥∥∥
2

2

=

∥∥∥∥∥∥∥∥∥∥
∑
β

∑
T∈Fij ,

angle of T
lies in β

ϕ
(k)
T

∥∥∥∥∥∥∥∥∥∥

2

2

≤ 4k

∥∥∥∥∥∥∥∥∥∥
∑
β

∑
T∈Fij ,

angle of T
lies in β

+∞∑
m=0

2−kmχ2mT

∥∥∥∥∥∥∥∥∥∥

2

2

= 4k

∥∥∥∥∥∥
∑
T∈Fij

+∞∑
m=0

2−kmχ2mT

∥∥∥∥∥∥
2

2

= 4k

∥∥∥∥∥∥
+∞∑
m=0

∑
T∈Fij

2−kmχ2mT

∥∥∥∥∥∥
2

2

Minkowski

≤ 4k

+∞∑
m=0

2−km

∥∥∥∥∥∥
∑
T∈Fij

χ2mT

∥∥∥∥∥∥
2

2

≤ 4k

+∞∑
m=0

2−km

23mp logR
∑
T∈Fij

|T |

 1
2


2

= 4kp logR
∑
T∈Fij

|T |

(
+∞∑
m=0

2−km2
3
2
m

)2

= C(k)p logR
∑
T∈Fij

|T |.

The second inequality is proved in the same way. □
11



Let AR be the annulus AR = {ξ : R − 1 ≤ ∥ξ∥ ≤ R + 1}, and partition it into disjoint annular sectors

β of angular length approximately δ = 1√
R
, that is, each β is of the form{

ξ : ∥ξ∥ ∈ [R− 1, R + 1],
ξ

∥ξ∥
∈ γ

}
,

where γ is an arc of the unit circle of length approximately 1√
R
. Next we enlarge each sector by a factor

of C and denote the enlarged sector by Cβ; thus each Cβ is of the form

Cβ =

{
ξ : ∥ξ∥ ∈ [R− C,R + C],

ξ

∥ξ∥
∈ γ′

}
,

where γ′ = Cγ if Clength(γ) ≤ 2π, or γ′ = 2π otherwise. Let f be a function with the property that

f =
∑

β fβ, where each fβ is supported in Cβ, and let Gβ = f̂β. Let Θ be another partition of the annulus

AR into annular sectors such that each β is contained in some Θ. We define

Sf =

(∑
β

|Gβ|2
)1

2

, Sθf =

∑
Θ

∣∣∣∣∣∑
β⊆Θ

Gβ

∣∣∣∣∣
2


1
2

.

Lemma 3. ∥Sθf∥4 ≤ C∥Sf∥4.

Proof. Suppose the inequality has already been proved when f is supported in an “approximate” octant

of the circle. We then define

f
(i)
β =

 fβ if β is contained in the ith octant,

0 otherwise.

We also define

f (i) =
∑
β

f
(i)
β .

Observe that fβ =
∑

i f
(i)
β and f =

∑
i f

(i). Then

Sθf = Sθ

(∑
i

f (i)

)
=

∑
Θ

∣∣∣∣∣∑
β⊆Θ

∑
i

G
(i)
β

∣∣∣∣∣
2


1
2

=

∑
Θ

∣∣∣∣∣∑
i

∑
β⊆Θ

G
(i)
β

∣∣∣∣∣
2


1
2

Minkowski

≤
∑
i

∑
Θ

∣∣∣∣∣∑
β⊆Θ

G
(i)
β

∣∣∣∣∣
2


1
2

=
∑
i

Sθf
(i).

12



By the triangle inequality,

∥Sθf∥4 ≤
∑
i

∥Sθf
(i)∥4 ≤ C

∑
i

∥Sf (i)∥4

=
∑
i

∫ (∑
β

|G(i)
β |2
)2


1
4

Hölder

≲

∫ ∑
i

(∑
β

|G(i)
β |2
)2


1
4

≤

∫ (∑
i

∑
β

|G(i)
β |2
)2


1
4

.

Set hij =
∑

β f
(i)
β ∗ f̃ (j)

β and h =
∑

β fβ ∗ f̃β. Observe that hij = 0 if i ̸= j. Then

∑
β

|G(i)
β |2 =

∑
β

f̂
(i)
β f̂

(i)
β =

(∑
β

f
(i)
β ∗ f̃ (i)

β

)̂
= ĥii.

Also, ∑
β

|Gβ|2 =
∑
β

f̂β f̂β =

(∑
β

fβ ∗ f̃β

)̂
= ĥ.

Therefore

∥Sθf∥4 =

∫ ∣∣∣∣∣∑
i

ĥii

∣∣∣∣∣
2


1
4

Plancherel
=

∫ ∣∣∣∣∣∑
i

hii

∣∣∣∣∣
2


1
4

=

∫ ∣∣∣∣∣∑
i,j

hi,j

∣∣∣∣∣
2


1
4

=

(∫
|h|2
)1

4 Plancherel
=

(∫ ∣∣∣ĥ∣∣∣2)1
4

.

Hence, without loss of generality, we may assume that f is supported in the first octant.

∥Sθf∥44 =

∥∥∥∥∥∥
∑
Θ

∣∣∣∣∣∑
β⊆Θ

Gβ

∣∣∣∣∣
2
∥∥∥∥∥∥
2

2

Plancherel
=

∥∥∥∥∥∑
Θ

∑
β,β1⊆Θ

Ĝβ ∗
˜̂
Gβ1

∥∥∥∥∥
2

2

=
∑
Θ1,Θ2

∑
β,β1⊆Θ1

∑
β2,β3⊆Θ2

Ĝβ ∗
˜̂
Gβ1 ∗ Ĝβ2 ∗

˜̂
Gβ3(0)

=
∑
Θ1,Θ2

∑
β,β1⊆Θ1

∑
β2,β3⊆Θ2

(
Ĝβ ∗ Ĝβ2

)
∗
(˜̂
Gβ1 ∗

˜̂
Gβ3

)
(0)

=
∑
Θ1,Θ2

∫ ∑
β⊆Θ1
β2⊆Θ2

∑
β1⊆Θ1
β3⊆Θ2

(
Ĝβ ∗ Ĝβ2

)(
Ĝβ1 ∗ Ĝβ3

)
=
∑
Θ1,Θ2

∫ ∣∣∣∣∣∣∣∣
∑
β⊆Θ1
β2⊆Θ2

Ĝβ ∗ Ĝβ2

∣∣∣∣∣∣∣∣
2

.

13



But Ĝβ =
̂̂
fβ = f̃β and each fβ is supported in Cβ, so each fβi

∗ fβj
is supported in Cβi + Cβj. Every

point x ∈ R2 belongs to only boundedly many such sets. If k = k(C) denotes this number, then

∑
Θ1,Θ2

∫ ∣∣∣∣∣∣∣∣
∑
β⊆Θ1
β2⊆Θ2

Ĝβ ∗ Ĝβ2

∣∣∣∣∣∣∣∣
2

Hölder

≤ k
∑
Θ1,Θ2

∑
β⊆Θ1
β2⊆Θ2

∫ ∣∣∣Ĝβ ∗ Ĝβ2

∣∣∣2
Plancherel

= k
∑
Θ1,Θ2

∑
β⊆Θ1
β2⊆Θ2

∫
|GβGβ2|

2 .

Finally,

∥Sθf∥44 ≲
∑
Θ1,Θ2

∑
β⊆Θ1
β2⊆Θ2

∫
|GβGβ2|

2 = ∥Sf∥44.

□

The following lemma is a special form of the uncertainty principle.

Lemma 4. Let ϕ = ϕ(M) = min{1, ∥x∥−M} and let G be a function whose Fourier transform Ĝ is supported

in a rectangle ρ. Then for every rectangle σ, dual to ρ, one has∥∥∥∥ Gϕσ

∥∥∥∥2
∞

≤ CM |ρ|
∥∥∥∥ Gϕ2

σ

∥∥∥∥2
2

,

where ϕσ = ϕ ◦ Γσ and Γσ is the affine transformation that sends σ to the unit square Q.

Proof. We first prove the claim for σ = ρ = Q. Let k be a Schwartz function such that k̂(x) = 1 whenever

x ∈ Q. Then k̂ ∗G = k̂ Ĝ = Ĝ, because wherever Ĝ is nonzero, k̂ equals 1. It follows that k ∗ G = G for

almost every x ∈ R2. Then∥∥∥∥Gϕ
∥∥∥∥
∞

=

∥∥∥∥∫ max
{
1, ∥x∥M

}
k(x− y)min

{
1, ∥y∥−2M

} G
ϕ2

(y) dy

∥∥∥∥
∞

We observe that

max
{
1, ∥x∥M

}
|k(x− y)|min

{
1, ∥y∥−2M

}
≤ CM(1 + ∥x∥)M(1 + ∥y∥)−2M |k(x− y)|

≤ CM(1 + ∥x− y∥)M(1 + ∥y∥)−M |k(x− y)|

≤ CM(1 + ∥y∥)−M .

Therefore ∥∥∥∥Gϕ
∥∥∥∥
∞

≤ CM

∫
(1 + ∥y∥)−M

∣∣∣∣Gϕ2
(y)

∣∣∣∣ dy ≤ CM

∥∥∥∥Gϕ2

∥∥∥∥
2

.
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We now pass to the general case. Let ρ be a rectangle with center κ and let σ be a dual rectangle with

center λ. If T is the linear transformation that sends Q to ρ − κ, then T−t is the linear transformation

that sends Q to σ − λ. Let Ĝ be supported in ρ. Then∥∥∥∥ Gϕσ

∥∥∥∥
∞

= | detT |

∥∥∥∥∥ | detT |−1e−2πiκT−tξG(T−tξ + λ)

ϕσ(T−tξ + λ)

∥∥∥∥∥
∞

.

But (
| detT |−1e−2πiκT−tξG(T−tξ + λ)

)̂
=

∫
| detT |−1e−2πix·ξe−2πiκT−tξG(T−tξ + λ) dξ

=

∫
|detT |−1e−2πi(xT tT−tξ+κT−tξ)G(T−tξ + λ) dξ

=

∫
| detT |−1e−2πi(Tx+κ)T−tξG(T−tξ + λ) dξ

=

∫
e−2πi(Tx+κ)ξG(ξ + λ) dξ = e2πi(Tx+κ)λĜ(Tx+ κ).

Since ϕσ(T
−tx+λ) = ϕ(x) and | detT |−1e−2πiκT−txG(T−tx+λ) has Fourier transform supported in Q, the

special case implies ∥∥∥∥ Gϕσ

∥∥∥∥
∞

=| detT |

∥∥∥∥∥ | detT |−1e−2πiκT−txG(T−tx+ λ)

ϕσ(T−tx+ λ)

∥∥∥∥∥
∞

CM |ρ|

∥∥∥∥∥ | detT |−1e−2πiκT−txG(T−tx+ λ)

ϕσ
2(T−tx+ λ)

∥∥∥∥∥
2

≤ CM |ρ|
1
2

∥∥∥∥ Gϕσ
2

∥∥∥∥
2

.

□

Lemma 5. Let µ be a measure supported in the unit disk and with α-dimensional energy Iα(µ) = 1. Then

for every R ≥ 2 we can decompose µ into a sum of at most C logR measures µj such that

µj

(
R2
)
sup
x

sup
r≥R−1

µj

(
D(x, r)

)
rα

≲ 1.

Proof. For every x ∈ D(0; 1) we have D(0; 1) ⊆ D(x; 2), and hence

sup
r≥R−1

µ
(
D(x; r)

)
rα

≥
µ
(
D(x; 2)

)
2α

≥
µ
(
D(0; 1)

)
2α

=
1

2α
µ
(
R2
)
.

On the other hand,

sup
r≥R−1

µ
(
D(x; r)

)
rα

≤
µ
(
R2
)

R−α
= µ

(
R2
)
Rα.

We consider the sets

Ej =

{
x : sup

r≥R−1

µ
(
D(x, r)

)
rα

∈
[
2j−1µ

(
R2
)
, 2jµ

(
R2
))}

.

15



We define µj to be the restriction of µ to Ej and observe that the number of j for which Ej is nonempty

is C logR. One has

sup
x∈R2

sup
r≥R−1

µj

(
D(x, r)

)
rα

≲ 2jµ
(
R2
)
.

Indeed, if x ∈ Ej, it is obvious that

sup
r≥R−1

µj

(
D(x, r)

)
rα

≤ 2jµ
(
R2
)
.

If x /∈ Ej, then we may assume that D(x, r) ∩ Ej ̸= ∅. For y ∈ D(x, r) ∩ Ej we have D(x, r) ⊆ D(y, 2r),

so for r ≥ R−1

µj (D(x, r))

rα
≤ 2α

µj (D(y, 2r))

(2r)α
≤ 2α sup

y∈Ej

sup
r≥R−1

µj (D(y, r))

rα
≤ 2α2jµ

(
R2
)
,

and the desired conclusion follows for every x ∈ R2. Therefore, to prove the lemma it remains to show

that for every j,

µj

(
R2
)
= µ(Ej) ≲

(
2jµ

(
R2
))−1

.

For every j, the set Ej is a bounded subset of R2, and each of its points is the center of some disk

D(x, r) such that µ
(
D(x, r)

)
≥ 2j−1µ

(
R2
)
rα. By the Besicovitch covering lemma, there exists an at most

countable family of such disks, Dn = Dn(x, r), covering all of Ej, and each point of R2 belongs to at most

C of these disks. For each n we have∫
Dn×Dn

dµ(x)dµ(y)

|x− y|α
≥
∫
Dn×Dn

dµ(x)dµ(y)

(2r)α
=

1

(2r)α
· µ(Dn) · µ(Dn) ≳ µ(Dn)2

jµ
(
R2
)
.

Finally, we have

2jµ
(
R2
)
µ (Ej) ≤ 2jµ

(
R2
)∑

n

µ(Dn) ≲
∑
n

∫
Dn×Dn

dµ(x)dµ(y)

|x− y|α

=

∫
R2

∑
n

χDn×Dn

dµ(x)dµ(y)

|x− y|α

≤ C

∫
R2

dµ(x)dµ(y)

|x− y|α
= CIα(µ).

□

Lemma 6. Suppose that µ is a measure supported in the unit disk and that

1

R

∫
AR

|µ̂ (x)|2 dx ≲ Bµ
(
R2
)
R−α

2
+ϵ

for every R ≥ 1. Then ∫ π

−π

∣∣µ̂(Reiθ)∣∣2 dθ ≤ CBµ
(
R2
)
R−α

2
+ϵ.
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Proof. Let k be a Schwartz function equal to one on the support of µ (the unit disk). Since µ̂ = k̂ ∗ µ̂, we

have ∫ π

−π

∣∣µ̂ (Reiθ)∣∣2 dθ = ∫ π

−π

∣∣∣k̂ ∗ µ̂ (Reiθ)∣∣∣2 dθ
≤
∫ π

−π

(∫
R2

∣∣∣k̂ (Reiθ − y
)
µ̂(y)

∣∣∣ dy)2

dθ

=

∫ π

−π

(∫
R2

∣∣∣k̂ (Reiθ − y
)∣∣∣12 |µ̂(y)| ∣∣∣k̂ (Reiθ − y

)∣∣∣12 dy)2

dθ

Hölder

≤
∫ π

−π

∫
R2

|µ̂(y)|2
∣∣∣k̂ (Reiθ − y

)∣∣∣ dy ∫
R2

∣∣∣k̂ (Reiθ − y
)∣∣∣ dy dθ

≤ C

∫
R2

∫ π

−π

|µ̂(y)|2
∣∣∣k̂ (Reiθ − y

)∣∣∣ dθ dy.
Since k is Schwartz,

∫ π

−π

∣∣∣k̂ (Reiθ − y
)∣∣∣ dθ ≤ C

∫ π

−π

dθ

(1 + |Reiθ − y|)102

≤ C

R

∫ π

−π

Rdθ

(1 + |Reiθ − y|)2
· 1

(1 + |R− |y||)100

≤ CR−1 (1 + |R− |y||)−100 .

Therefore

∫ π

−π

∣∣µ̂ (Reiθ)∣∣2 dθ ≤ C

∫
R2

R−1(1 + |R− |y||)−100|µ̂(y)|2 dy.

From here on, we have

∫
R2

R−1(1 + |R− |y||)−100|µ̂(y)|2 dy ≤ 1

R

+∞∑
m=[−R

2 ]

∫
R+2m−1≤|y|≤R+2m+1

1

(1 + |R− |y||)100
|µ̂(y)|2 dy

≤ 1

R

+∞∑
m=[−R

2 ]

1

(1 + |m|)100

∫
R+2m−1≤|y|≤R+2m+1

|µ̂(y)|2 dy

≤ Bµ
(
R2
) 1

R

+∞∑
m=[−R

2 ]

R + 2m

(1 + |m|)100
(R + 2m)−

α
2
+ϵ.
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Moreover,

+∞∑
m=[−R

2 ]

(R + 2m)1−
α
2
+ϵ

(1 + |m|)100
≤ C

[R2 ]∑
m=[−R

2 ]

R1−α
2
+ϵ

(1 + |m|)100
+

+∞∑
m=[R2 ]

m1−α
2
+ϵ

m100

= CR1−α
2
+ϵ

[R2 ]∑
m=0

1

(1 +m)100
+

+∞∑
m=[R2 ]

1

m99+α
2
−ϵ

≤ CR1−α
2
+ϵ + C

1

R98+α
2
−ϵ

≤ CR1−α
2
+ϵ.

Finally, ∫ π

−π

∣∣µ̂ (Reiθ)∣∣2 dθ ≤ Bµ
(
R2
)
R−α

2
+ϵ.

□

Fix a function f supported in the annulus AR = {ξ : R − 1 ≤ |ξ| ≤ R + 1} with ∥f∥L2 = 1, and set

G = f̂(−x). Let h be a positive Schwartz function, and define

H(x) =
h(x)∑

k∈Z2 h(x+ k)
,

for which ∑
m∈Z2

H(x+m) =
∑
m∈Z2

h(x+m)∑
k∈Z2 h(x+ k +m)

=

∑
m∈Z2 h(x+m)∑
k∈Z2 h(x+ k)

= 1.

We also consider a positive Schwartz function g with ĝ supported in Q and
∫
g = 1, and define b = H ∗ g.

Then b̂ = Ĥĝ is supported in Q, and∑
m∈Z2

b(x+m) =
∑
m∈Z2

∫
H(x+m− y)g(y) dy =

∫ ∑
m∈Z2

H(x+m− y)g(y) dy =

∫
g(y) dy = 1.

Therefore, if we tile R2 by rectangles ρ∗ dual to a given rectangle ρ, then
∑

ρ∗ bρ∗ = 1. Next we partition

the annulus AR into pairwise disjoint circular rectangles β of angular length approximately R−1
2 , each of

which is contained in a standard rectangle ρβ with dimensions C and CR
1
2 . We write G =

∑
ρGρ with

Gρ =
̂(

χβf
)
(−x). For each ρ = ρβ and for all ρ∗ dual to ρ and tiling R2, we define Gρ∗

ρ = bρ∗Gρ. Moreover,

for each ρ, the function b̂ρ∗ is supported in the ρ corresponding to the given β. Combined with Lemma 4,

this gives ∑
ρ

∑
ρ∗

∥∥∥∥∥Gρ∗
ρ

ϕρ∗

∥∥∥∥∥
2

∞

=
∑
ρ

∑
ρ∗

∥∥∥∥Gρbρ∗

ϕρ∗

∥∥∥∥2
∞

≲
∑
ρ

∑
ρ∗

|ρ|
∥∥∥∥Gρbρ∗

ϕ2
ρ∗

∥∥∥∥2
2

≲ R
1
2

∑
ρ

∑
ρ∗

∥∥∥∥Gρbρ∗

ϕ2
ρ∗

∥∥∥∥2
2

.
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Since b is Schwartz and 1
ϕ2 has polynomial growth ∥x∥2M , we have

∣∣∣ b
ϕ2

∣∣∣ ≤ CM . Therefore, for each ρ∗,∣∣∣∣ bρ∗ϕ∗
ρ
2

∣∣∣∣ ≤ CM .

Hence ∑
ρ∗

∥∥∥∥ bρ∗ϕ2
ρ∗
Gρ

∥∥∥∥2
2

=

∫
R2

∑
ρ∗

∣∣∣∣ bρ∗ϕ2
ρ∗
Gρ

∣∣∣∣2 = ∫
R2

|Gρ|2
∑
ρ∗

∣∣∣∣ bρ∗ϕ2
ρ∗

∣∣∣∣2 ≤ CM

∫
R2

|Gρ|2
∑
ρ∗

bρ∗ = CM∥Gρ∥22.

Finally,

∑
ρ

∑
ρ∗

∥∥∥∥∥Gρ∗
ρ

ϕρ∗

∥∥∥∥∥
2

∞

≤ CMR
1
2

∑
ρ

∥Gρ∥22 = CMR
1
2

∑
ρ

∥Ĝρ∥22 = CMR
1
2∥χβf∥22 ≤ CMR

1
2 .

Summarizing, we have shown that

(1)
∑
ρ

∑
ρ∗

∥∥∥∥∥Gρ∗
ρ

ϕρ∗

∥∥∥∥∥
2

∞

≤ CMR
1
2 .

From the hypothesis B = supx supr≥R−1
µ(D(x;r))

rα
it follows immediately that µ (R2) ≤ CB. If∣∣∣∣∫ Gdµ

∣∣∣∣ ≤ µ
(
R2
)
R−10,

then for every f supported in AR with ∥f∥L2 = 1 it follows that∣∣∣∣∫
AR

µ̂(x)f(−x) dx
∣∣∣∣ = ∣∣∣∣∫ Gdµ

∣∣∣∣ ≤ µ
(
R2
)
R−10.

Therefore ∫
AR

|µ̂(x)|2 dx ≤ µ
(
R2
)2
R−20 ≤ Bµ

(
R2
)
R−20

and

1

R

∫
AR

|µ̂(x)|2 dx ≤ Bµ
(
R2
)
R−α

2
+ϵ.

Hence we may assume that

µ
(
R2
)
R−10 ≤

∣∣∣∣∫ Gdµ

∣∣∣∣ .
Moreover, from (1) we see that

G =
∑
ρ

∑
ρ∗

Gρ∗

ρ =
∑

ρ,ρ∗: ∥ϕ−1
ρ∗ Gρ∗

ρ ∥∞≤CMR
1
4

Gρ∗

ρ .
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Now ∣∣∣∣∣∣∣
∫ ∑

ρ,ρ∗: ∥Gρ∗
ρ ϕ−1

ρ∗ ∥∞
≤R−100

Gρ∗

ρ dµ

∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣
∫ ∑

ρ,ρ∗: ∥Gρ∗
ρ ϕ−1

ρ∗ ∥∞
≤R−100

ϕρ∗ϕ
−1
ρ∗ G

ρ∗

ρ dµ

∣∣∣∣∣∣∣
≤ ∥ϕ−1

ρ∗ G
ρ∗

ρ ∥∞
∫ ∑

ρ,ρ∗: ∥Gρ∗
ρ ϕ−1

ρ∗ ∥∞
≤R−100

ϕρ∗ dµ ≤ µ
(
R2
)
R−50.

Therefore ∣∣∣∣∣∣∣
∫ ∑

ρ,ρ∗: R−100 ≤∥ϕ−1
ρ∗ Gρ∗

ρ ∥∞ ≤CMR
1
4

Gρ∗

ρ dµ

∣∣∣∣∣∣∣ ≥
∣∣∣∣∫ Gdµ

∣∣∣∣−
∣∣∣∣∣∣∣
∫ ∑

ρ,ρ∗: ∥ϕ−1
ρ∗ Gρ∗

ρ ∥∞ ≤R−100

Gρ∗

ρ dµ

∣∣∣∣∣∣∣
≥
∣∣∣∣∫ Gdµ

∣∣∣∣− µ
(
R2
)
R−50 ≥

∣∣∣∣∫ Gdµ

∣∣∣∣− ∣∣∣∣∫ Gdµ

∣∣∣∣R−40 ≥ C

∣∣∣∣∫ Gdµ

∣∣∣∣ .
In the usual way, we divide the ρ∗ into N ≤ C logR families by partitioning [R−100, CR

1
4 ] into dyadic

intervals:

Fi = {ρ∗ : 2i−1R−100 ≤ ∥ϕ−1
ρ∗ G

ρ∗

ρ ∥∞ ≤ 2iR−100}.

Therefore, ∣∣∣∣∣
N∑
i=1

∫ ∑
ρ,ρ∗∈Fi

Gρ
ρ∗

∣∣∣∣∣ =
∣∣∣∣∣∣∣
∫ ∑

ρ,ρ∗: R−100 ≤∥ϕ−1
ρ∗ Gρ∗

ρ ∥∞ ≤CMR
1
4

Gρ∗

ρ dµ

∣∣∣∣∣∣∣ ≥ C

∣∣∣∣∫ Gdµ

∣∣∣∣ .
Hence there exists an i such that∣∣∣∣∣

∫ ∑
ρ,ρ∗:ρ∗∈Fi

Gρ∗

ρ dµ

∣∣∣∣∣ ≥ C
1

N

∣∣∣∣∫ Gdµ

∣∣∣∣ ≥ C

logR

∣∣∣∣∫ Gdµ

∣∣∣∣ .
Fix ϵ > 0. We now restrict the ρ∗ even further by replacing Fi with a subfamily F1 (depending on ϵ), all

of whose elements lie in a fixed square of side length 10, at the cost that 1
logR

becomes R− ϵ
2 . Indeed, if R

is sufficiently large, then this square lies inside the disk centered at the origin and of radius R
ϵ
5 , and hence

∣∣∣∣∣
∫ ∑

ρ,ρ∗:ρ∗∈Fi

Gρ∗

ρ dµ

∣∣∣∣∣ ≤
∣∣∣∣∣∣∣∣∣∣
∫ ∑

ρ,ρ∗:ρ∗∈Fi,

d(ρ∗,0)>R
ϵ
5

Gρ∗

ρ dµ

∣∣∣∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣∣∣∣
∫ ∑

ρ,ρ∗:ρ∗∈Fi,

d(ρ∗,0)≤R
ϵ
5

Gρ∗

ρ dµ

∣∣∣∣∣∣∣∣∣∣
.
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Moreover, ∣∣∣∣∣∣∣∣∣∣
∫ ∑

ρ,ρ∗:ρ∗∈Fi,

d(ρ∗,0)>R
ϵ
5

Gρ∗

ρ dµ

∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣
∫ ∑

ρ,ρ∗:ρ∗∈Fi,

d(ρ∗,0)>R
ϵ
5

Gρ∗

ρ ϕ
−1
ρ∗ ϕρ∗dµ

∣∣∣∣∣∣∣∣∣∣
≤ ∥Gρ∗

ρ ϕ
−1
ρ∗ ∥∞

∫ ∑
ρ,ρ∗:ρ∗∈Fi,

d(ρ∗,0)>R
ϵ
5

ϕρ∗dµ

≤ 2iR−100

∫ ∑
ρ,ρ∗:ρ∗∈Fi

d(ρ∗,0)>R
ϵ
5

ϕρ∗dµ

≤ CR
1
4

∑
ρ,ρ∗:ρ∗∈Fi,

d(ρ∗,0)>R
ϵ
5

1

(d(ρ∗, 0))M
µ
(
R2
)

≲ R
1
4µ
(
R2
) ∫

|x|>R
ϵ
5

1

|x|M
dx

≲
R

1
4

R
ϵ
5
(M−2)

µ
(
R2
)
≲ µ

(
R2
)
R−100 ≲ R−90

∣∣∣∣∫ Gdµ

∣∣∣∣ .
For the penultimate inequality to hold, M = M(ϵ) must be sufficiently large. Now the disk centered at 0

and of radius R
ϵ
5 can be covered by at most N ′ ≤ CR

ϵ
5 squares Qλ of side length 10, with small overlap,

so that each ρ∗ ∈ Fi is contained in some Qλ. Then

N ′∑
λ=1

∣∣∣∣∣
∫ ∑

ρ,ρ∗:ρ∗⊆Qλ

Gρ∗

ρ dµ

∣∣∣∣∣ ≥
(

C

logR
−R−90

) ∣∣∣∣∫ Gdµ

∣∣∣∣ .
Hence, for some Qλ,∣∣∣∣∣

∫ ∑
ρ,ρ∗:ρ∗⊆Qλ

Gρ∗

ρ dµ

∣∣∣∣∣ ≥ CR− ϵ
5

∣∣∣∣ C

logR
−R−90

∣∣∣∣ ∣∣∣∣∫ Gdµ

∣∣∣∣ ≥ CR− ϵ
2

∣∣∣∣∫ Gdµ

∣∣∣∣ .
We define F1 to be the family of those ρ∗ that belong to Fi and are contained in Qλ.

The family of rectangles F1 has the following properties.

• If two elements ρ∗1, ρ
∗
2 are dual to the same original ρ, then they intersect along their boundaries,

since they form a tiling of R2. In the opposite case, their angle is equal to the angle of the

corresponding ρ, and consequently is greater than CR−1
2 = Cδ.

• Since the area of each ρ∗ is CR−1
2 , for each ρ there are CR

1
2 rectangles ρ∗ ⊆ Qλ. Therefore

#F1 ≤ CR
1
2R

1
2 ≤ CR50 = Cδ−100 = K.

• The length of the elements of F1 is C and the width is Cδ.
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• We have h
2
≤ ∥ϕρ∗

−1Gρ∗
ρ ∥∞ ≤ h, for every ρ∗ ∈ F1, where h = 2iR−100 and R−100 ≤ h ≤ CR

1
4 .

• From (1) it follows that ∑
ρ,ρ∗:ρ∗∈F1

∥∥∥∥∥Gρ∗
ρ

ϕρ∗

∥∥∥∥∥
2

∞

≤ CMR
1
2 ,

and from h
2
≤
∥∥ϕ−1

ρ∗ G
ρ∗
ρ

∥∥
∞ it follows that h2#(F1) ≤ CMR

1
2 .

By Lemma 1 we can split F1 into at most C
(
log 1

δ

)2
subfamilies Fij for which the following hold:

• There exist numbers p and θ ≥ R−1
2 and a set Gij of rectangles τ with length C and width

approximately θ, such that each ρ∗ ∈ Fij is contained in at least one τ ∈ Gij.

• Each τ ∈ Gij contains approximately pθ
√
R rectangles from F1.

• Each ρ∗ ∈ F1 is contained in at most C members of Fij.

• #(Gij) ≲
#F1

pθ
√
R
≤ K

pθ
√
R
.

Also, the following hold:

• ∣∣∣∣∣
∫ ∑

ρ,ρ∗:ρ∗∈F1

Gρ∗

ρ dµ

∣∣∣∣∣ ≥ CR− ϵ
2

∣∣∣∣∫ Gdµ

∣∣∣∣ .
• If ρ∗ ∈ F1, then

∣∣Gρ∗
ρ

∣∣ ≤ hϕρ∗ . This follows from the fact that ∥ϕ−1
ρ∗ G

ρ∗
ρ ∥∞ ≤ h.

From (2) we have ∣∣∣∣∣∣
∫ ∑

i,j

∑
ρ,ρ∗:ρ∗∈Fij

Gρ∗

ρ dµ

∣∣∣∣∣∣ ≥ CR− ϵ
2

∣∣∣∣∫ Gdµ

∣∣∣∣ .
Therefore there exists a pair (i, j) such that

(2)

∣∣∣∣∣∣
∫ ∑

ρ,ρ∗:ρ∗∈Fij

Gρ∗

ρ dµ

∣∣∣∣∣∣ ≥ CR− ϵ
2
∣∣∫ Gdµ∣∣

#(i, j)
≥
CR− ϵ

2
∣∣∫ Gdµ∣∣

(logR)2
≥ CR−ϵ

∣∣∣∣∫ Gdµ

∣∣∣∣ .
We set F = Fij and G = Gij.

We summarize the properties of F and G:

• #(G) ≤ C K
pθ

√
R
.

• Each τ ∈ G contains approximately pθ
√
R rectangles from F1.

• θ ≥ R−1
2 .

• Each ρ∗ ∈ F is contained in at least one τ ∈ G.

•

∣∣∣∣∣∫ ∑
ρ,ρ∗:ρ∗∈F

Gρ∗
ρ dµ

∣∣∣∣∣ ≥ CR−ϵ
∣∣∫ Gdµ∣∣.

• If ρ∗ ∈ F , then
∣∣Gρ∗

ρ

∣∣ ≤ hϕρ∗ .

• h2#(F) ≤ CMR
1
2 .
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Now divide the unit circle into arcs Θ of length approximately θ so that the radial projection of each

β is contained in some Θ. For each ρ let F(ρ) denote the family of all ρ∗ ∈ F dual to ρ, and let G(Θ)

denote all τ ∈ G whose angle lies in C1Θ, where C1 is a constant to be specified shortly. Applying Lemma

2, define

ψ(k)
ρ =

∑
ρ∗∈F(ρ)

ϕ
(k)
ρ∗ , Ψ

(k)
Θ =

∑
τ∈G(Θ)

ϕ(k)
τ .

Then Lemma 2 gives

(3)

∥∥∥∥∥∑
ρ

ψ(4)
ρ

∥∥∥∥∥
2

2

≲ #(F) pR−1
2 logR

∥∥∥∥∥∑
Θ

Ψ
(4)
Θ

∥∥∥∥∥
2

2

≲ #(F)
R−1

2

p
logR

We also observe that, since the rectangles ρ∗ ∈ F(ρ) can intersect at most along their boundary (if they

are adjacent), ψ
(4)
ρ ≤ C.

Define Hρ =
∑

ρ∗∈F(ρ)G
ρ∗
ρ . Recall that Gρ∗

ρ = bρ∗ ̂χβf(−x). It follows that

Ĥρ =
∑̂

ρ∗∈F(ρ)

Gρ∗
ρ =

∑
ρ∗∈F(ρ)

b̂ρ∗ ∗ χβf(x) = χβf(x) ∗
∑

ρ∗∈F(ρ)

b̂ρ∗ .

Note here that β = β(ρ) and supp b̂ρ∗ = ρ, for all ρ∗ ∈ F(ρ). Therefore supp Ĥρ = ρ + β ⊂ 2ρ. We also

set HΘ =
∑

ρ⊂ΘHρ and

P =

(∑
Θ

|HΘ|2
)1

2

.

When we write ρ ⊆ Θ we mean that the corresponding β(ρ) has radial projection onto the unit circle

contained in the arc Θ.

Lemma 7.

∥P∥4 ≲ h(logR)
1
4

(
#(F) pR−1

2

)1
4

.

Proof. For each ρ, Ĥρ is supported in 2ρ. By Lemma 3 we have

∥P∥4 ≲

∥∥∥∥∥∥∥
(∑

ρ

|Hρ|2
)1

2

∥∥∥∥∥∥∥
4

.

On the other hand,

|Hρ| ≤
∑

ρ∗∈F(ρ)

hϕ
(4)
ρ∗ .
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Therefore

∥P∥4 ≲ h

∥∥∥∥∥∥
∑
ρ

 ∑
ρ∗∈F(ρ)

ϕ
(4)
ρ∗

2∥∥∥∥∥∥
1
2

2

= h

∥∥∥∥∥∑
ρ

(
ψ(4)
ρ

)2∥∥∥∥∥
1
2

2

≲ h

∥∥∥∥∥∑
ρ

ψ(4)
ρ

∥∥∥∥∥
1
2

2

≲ h(logR)
1
4

(
#(F)pR−1

2

)1
4

.

□

We shall also need the following estimate for HΘ. From the properties of F we know that |Gρ∗
ρ | ≤ hϕ

(M)
ρ∗ ,

so

|HΘ| ≤
∑
ρ⊂Θ

|Hρ| ≤
∑
ρ⊂Θ

∑
ρ∗∈F(ρ)

hϕ
(4)
ρ∗ .

Let ρ ⊆ Θ. From the proof of part 2 in Lemma 1, we know that all τ containing ρ∗ have comparable angle.

Choose C1 so that every τ containing ρ∗ belongs to G(Θ).

We have ∑
ρ⊂Θ

∑
ρ∗∈F(ρ)

hϕ
(M)
ρ∗ ≲ h

∑
τ∈G(Θ)

∑
ρ∗⊆τ

ϕ
(M)
ρ∗ .

Each τ has length C and width≤ C. Each ρ∗ has length 1 and width 1√
R
. Also, for each ρ the corresponding

ρ∗ are disjoint, so τ contains at most
√
R rectangles ρ∗ corresponding to the same ρ. The number of such

ρ is at most
√
R, so each τ contains at most CR rectangles ρ∗. For every ρ∗ ∈ F we have ϕ

(M)
ρ∗ ≤ ϕ

(M)
τ .

Therefore

(4) |HΘ| ≤ h
∑

τ∈G(Θ)

∑
ρ∗⊆τ

ϕ
(M)
ρ∗ ≲ hCR

∑
τ∈G(Θ)

ϕ(M)
τ = hCRΨ

(M)
Θ .

From this point on we enter the main part of the proof. Every square of side length t introduced below is

understood to be a translate of [0, t)× [0, t) by an element of tZ2, so these squares tile the plane. Observe

that

ϕ(4)
τ (x) ≲

(
max(θ, |x− y|)

θ

)4

ϕ(4)
τ (y)

for every x and y, and from this it follows that

Ψ
(4)
Θ (x) ≲

(
max(θ, |x− y|)

θ

)4

Ψ
(4)
Θ (y).
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Define an A-square to be a square Q of side length θ such that maxQ
∑

ΘΨ
(4)
Θ ∈ [A, 2A]. From the last

inequality, if Q is an A-square then minQ

∑
ΘΨ

(4)
Θ ≳ maxQ

∑
ΘΨ

(4)
Θ ≥ A. From (3) we obtain

number of A-squares =
1

A2θ2

∑
Q: the Q is an A-square

∫
Q

A2

≲
1

A2θ2

∑
Q: the Q is an A-square

∫
Q

∣∣∣∣∣∑
Θ

Ψ
(4)
Θ

∣∣∣∣∣
2

≤ 1

A2θ2

∥∥∥∥∥∑
Θ

Ψ
(4)
Θ

∥∥∥∥∥
2

2

≤ 1

A2θ2
#F
p
√
R

logR.

Moreover, if x, y lie in a square Q of side length C, then(
max{θ, |x− y|}

θ

)4

≲

(
C

R−1
2

)4

= CR2,

and so

max
Q

∑
Θ

Ψ
(4)
Θ ≲ R2min

Q

∑
Θ

Ψ
(4)
Θ .

If we restrict attention to the A-squares that intersect the support of µ, then all of them lie in one large

square of side length C. On that square the function
∑

ΘΨ
(4)
Θ is bounded, so there are at most C logR

values A = 2j corresponding to such 2j-squares. We shall show that∣∣∣∣∣
∫
EA

∑
ρ∗∈F

Gρ∗

ρ dµ

∣∣∣∣∣ ≲ (Bµ (R2
))1

2 R
1
2
−α

2
+ϵ.

Here EA is the union of all A-squares intersecting the support of µ.

Proposition 3. There exists a radial function q such that |q(x)| ≤ CN(1 + |x|)−N for every N , with the

following property. If t = (θR)−1, qt(x) = t−2q(t−1x), and µ is the absolutely continuous measure qt ∗ µ,

namely

µ(A) =

∫
A

∫
R2

qt(x− y)dµ(y)dx

with density

dµ

dx
=

∫
R2

qt(x− y)dµ(y),

then for every Θ and every square of side length greater than t,

(5)

∫
Q

|HΘ|dµ ≲
∑
j≥0

2−Mj

∫
2jQ

|HΘ|dµ.
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Proof. We shall prove the existence of q so that (5) holds for squares Q of side length t. Let Λ ∈ Z be

such that ϕ(4)(x) ≤ C
∑

j≥0 2
−jΛχ2jQ and let k be a radial Schwartz function with k̂ = 1 on a sufficiently

large disk centered at the origin. Since t is fixed, the support of ĤΘ lies inside a disk dilated by Ct−1 for

some C. It follows that |̂HΘ| ≤ C ̂|kt| · |HΘ| and consequently |HΘ| ≲ |kt| ∗ |HΘ|. Also

∫
Q

|HΘ| dµ ≲
∫
Q

|kt| ∗ |HΘ| =
∫
Q

∫
R2

|kt|(x− y)|HΘ|(x)
ϕ
(4)
Q (y)

ϕ
(4)
Q (y)

dµ(x) dy

=

∫
R2

∫
Q

|kt|(x− y)

ϕ
(4)
Q (y)

dµ(x)|HΘ|(x)ϕ(4)
Q (y) dy.

Moreover, 1

ϕ
(4)
Q (y)

≤ C (1 + t−1∥y − x∥)Λ, so by setting q(x) = (1 + |x|)Λ|k(x)|, the function q decays as

required, and furthermore

∫
Q

|HΘ|dµ ≲
∫
ϕQ(y)|HΘ|(y)dµ(y) ≲

∑
j≥0

2−Λj

∫
2jQ

|HΘ|dµ.

By simple geometric arguments, the inequality is first proved for the case where the squares have side

length 2jt with j > 1, and then the general case follows. □

It is also true that µ (Dr) ≲ CBrα, where B = supx supr≥R−1

µ
(
D(x;r)

)
rα

. Indeed,

µ (Dr) =

∫
R2

∫
D(x0;r)

qt(x− y) dµ(y) dx =

∫
R2

∫
R2

qt(x)XD(x0−y;r)(x) dµ(y) dx

=

∫
R2

qt(x)

∫
R2

XD(x0−x;r)(y) dµ(y) dx ≤ CBrα.

It is also easy to see that µ (R2) = Cµ (R2). We shall also need the following proposition.

Proposition 4.

∥∥∥∥dµdx
∥∥∥∥
∞

≲ B(θR)2−α.
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Proof.∣∣∣∣dµdx
∣∣∣∣ ≤ ∫ ∣∣qt(x− y)

∣∣ dµ(y) ≤ (θR)2
∫ ∣∣q(θR(x− y)

)∣∣ dµ(y)
≤ CN(θR)

2

∫
1

(1 + |θR(x− y)|)N
dµ(y)

= CN(θR)
2

[∫
D(x,

1
θR

)

1

(1 + |θR(x− y)|)N
dµ(y) +

∞∑
k=1

∫
2k−1

θR
≤|x−y|≤ 2k

θR

1

(1 + |θR(x− y)|)N
dµ

]

≤ CN(θR)
2

[∫
D(x,

1
θR

)

dµ(y) +
∞∑
k=1

∫
2k−1

θR
≤|x−y|≤ 2k

θR

1

2(k−1)N
dµ

]

≤ (θR)2

[
B

1

(θR)α
+

+∞∑
k=1

1

2(k−1)N
µ

(
D
(
x, 2k

θR

))]

≤ CN(θR)
2

[
B

1

(θR)α
+

+∞∑
k=1

1

2(k−1)N
B

2kα

(θR)α

]

≤ CN(θR)
2B(θR)−α

[
1 + 2N

+∞∑
k=1

2k(α−N)

]
≤ CNB (θR)2−α .

□

Let Q be an A-square. Then∣∣∣∣∣
∫
Q

∑
ρ,ρ∗:ρ∗∈F

Gρ∗

ρ dµ

∣∣∣∣∣ ≤∑
Θ

∫
Q

|HΘ|dµ =
∑

Θ:maxQ Ψ
(4)
Θ ≥R−ϵ

∫
Q

|HΘ|dµ+
∑

Θ:maxQ Ψ
(4)
Θ <R−ϵ

∫
Q

|HΘ|dµ.

For the second term, from (4) it follows that |HΘ| ≲ RhΨ
(M)
Θ ≲ Rh

(
Ψ

(4)
Θ

)M
4
. If M is chosen sufficiently

large, then ∑
Θ:maxQ Ψ

(4)
Θ <R−ϵ

∫
Q

|HΘ|dµ ≲ µ(R2)hR1−M
4
ϵ ≤ µ(R2)R−100.

The number of Θ in the first term is at most RϵA, since Ψ
(4)
Θ ≳ R−ϵ and their sum is ≲ A. Since θ ≥ (Rθ)−1

and by Proposition 3,∣∣∣∣∣
∫
Q

∑
ρ,ρ∗:ρ∗∈F

Gρ∗

ρ dµ

∣∣∣∣∣ ≲∑
j≥0

2−Λj

∫
2jQ

∑
Θ:maxQ Ψ

(4)
Θ ≥R−ϵ

|HΘ|dµ+ µ(R2)R−100

≲ (ARϵ)
1
2
∑
j≥0

2−Λj

∫
2jQ

Pdµ+ µ(R2)R−100.

We shall estimate the integral ∣∣∣∣∣
∫
EA

∑
ρ,ρ∗:ρ∗∈F

Gρ∗

ρ dµ

∣∣∣∣∣
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by summing over all A-squares. Let Ej
A be the 2j-dilation of the union EA of all A-squares. Since there

are at most R such A-squares intersecting the support of µ, the second term contributes no more than

µ(R2)R−99. From Proposition 4 we obtain∣∣∣∣∣
∫
EA

∑
ρ,ρ∗:ρ∗∈F

Gρ∗

ρ dµ

∣∣∣∣∣ ≲ (ARϵ)
1
2 2∥P∥4

∑
j

22j2−Λj

∥∥∥∥dµdx
∥∥∥∥
L

4
3 (Ej

A)

+ µ(R2)R−99.

≲ (ARϵ)
1
2 (logR)

1
4 h
(
#(F)pR− 1

2

) 1
4 ·
∑
j

2(2−Λ)jµ
(
R2
)1
2 (θR)

2−α
4 µ(Ej

A)
3
4 + µ(R2)R−99.

Since for every x, µ (D(x; r)) ≲ CBrα, every square of side length θ has µ-measure at most Bθα. We also

showed that the number of A-squares is at most C#(F)

p
√
R
logRθ−2A−2, so

µ (EA) ≲ logR
#(F)

p
√
R
θ−2A−2Bθα.

Equivalently,

p ≲ #(F)Bθ−2R−1
2A−2µ (EA)

−1 θα logR.

A 2j-dilate of an A-square has µ-measure at most CB2jαθα, and therefore

p ≲ #(F)Bθ−2R−1
2A−2µ

(
Ej

A

)−1
2jαθα logR.

Using also that h ≲ R
1
4
(
#(F)

)−1
2 , we obtain∣∣∣∣∣

∫
EA

∑
ρ,ρ∗:ρ∗∈F

Gρ∗

ρ dµ

∣∣∣∣∣ ≲
(logR)

1
4 (ARϵ)

1
2 · R

1
4(

#(F)
) 1

2

·
∑
j

((
#(F)

)2
Bθ−2R−1A−2µ

(
Ej

A

)−1
2jαθα logR

) 1
4 · 2(2−Λ)jB

1
4 (θR)

2−α
4 µ(Ej

A)
3
4

+ µ(R2)R−99

≲ (logR)
1
2 R

ϵ
2

∑
j

2(2−Λ+α
4 )jB

1
2µ
(
Ej

A

) 1
2 R(

1
2
−α

4 )

≲ (logR)
1
2 R

ϵ
2

(
Bµ
(
R2
)) 1

2 R(
1
2
−α

4 ).

Finally, from (2) we have∣∣∣∣∫ Gdµ

∣∣∣∣ ≤ CRϵ

∣∣∣∣∣
∫
EA

∑
ρ,ρ∗:ρ∗∈F

Gρ∗

ρ dµ

∣∣∣∣∣ ≤ C (logR)
1
2 R

3ϵ
2

(
Bµ
(
R2
)) 1

2 R(
1
2
−α

4 ).

If f is a function supported on AR and ∥f∥L2 = 1, then∣∣∣∣∫
AR

µ̂(x)f(−x) dx
∣∣∣∣ = ∣∣∣∣∫ Gdµ

∣∣∣∣ ≤ (logR)
1
2
(
Bµ
(
R2
)) 1

2 R
−3ϵ+1+α

2 .

28



Therefore
1

R

∫
AR

|µ̂(x)|2 dx ≤ CϵBµ
(
R2
)
R−α

2
+4ϵ.

This, by Lemma 6, gives

(6)

∫ π

−π

∣∣µ̂ (Reiθ)∣∣2 dθ ≤ CϵBµ
(
R2
)
R−α

2
+4ϵ.

If we assume that µ is a measure supported on the unit disk and has α-dimensional energy 1, then, as

in Lemma 5, we can find measures µj with 1 ≤ j ≲ logR such that µ =
∑

j µj and

µj

(
R2
)
sup
x

sup
r≥R−1

µj (D(x, r))

rα
≲ 1.

For each one of these measures, (6) holds:∫ π

−π

∣∣µ̂j

(
Reiθ

)∣∣2 dθ ≤ Cϵ sup
x

sup
r≥R−1

µj (D(x, r))

rα
µj

(
R2
)
R−α

2
+4ϵ ≲ CϵR

−α
2
+4ϵ.

Finally, ∫ π

−π

∣∣µ̂ (Reiθ)∣∣2 dθ = ∫ π

−π

∣∣∣∣∣∑
j

µ̂j

(
Reiθ

)∣∣∣∣∣
2

dθ

≲ logR
∑
j

∫ π

−π

∣∣µ̂j

(
Reiθ

)∣∣2 dθ
≲ Cϵ (logR)

2R−α
2
+4ϵ ≲ CϵR

−α
2
+6ϵ.

This yields the theorem.
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