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Introduction

Let f : R — R be a continuous function. We define its average over the interval [z—r, x+7]

by
1%t

A f(z) = — dy.

fa) =5 [y

Since f is continuous, A, f(z) converges to f(x) as r becomes small; more precisely,
lim A, f(x) = f(x) VxeR.

r—0t

This property of continuous functions remains true in higher dimensions. If f : R" —
R, then, in analogy with the one-dimensional case, we set

1
AFw) = o /B W

where we replace the interval [z — r,z 4+ r] C R by the ball B(z,r) C R" centered at z
with radius 7, and the length of the interval by Lebesgue measure on R", denoted by | - |.
As in the one-dimensional case,

lim A, f(x) = f(x) for every x € R".

r—0t



Proof. Let € > 0 be arbitrary. Since f is continuous at x, there exists 6 > 0 such that
for all » with 0 < r < 6 we have

Yy € Blx,r) = [f(z) = fy)| <e.

Therefore for every such r > 0,

1
|AJ@ﬁ—f@ﬂSﬁigslémﬂﬁwf—ﬂwwyﬁa

The continuity assumption is necessary. Indeed, if we set
A={(z1,29,...,2,) € R" 1 2, > 0}
and f(z) = xa(z), then for every x on the boundary of A we have

AN B(x,r 1
Agta) = S0P fia),
We observe that the boundary, namely the precise set on which A, f fails to converge
to f, has measure zero. This leads us to ask to what extent averages can approximate
“arbitrary” (not necessarily continuous) functions. In the previous example, the set of
problematic points has measure zero. So perhaps, more generally, the average behaves
well for almost every x. If the answer is yes, is it enough for the function merely to be
integrable on every ball (f € L )? This is the minimal requirement needed in order for
the average to be defined.

The investigation of these questions — which, as it turns out, have affirmative answers
— is one of the main goals of the present thesis. In the next chapter we begin with a
careful study of several averaging operators, and in particular of the operator

M: L, —R, M f =sup A,|f].
r>0
This operator is called the Hardy-Littlewood maximal function. In Chapter 2 we study
its action on integrable functions by proving its fundamental property, the weak type
inequality. In Chapter 3 we use this inequality to show that approximation by averages
is indeed possible (the Lebesgue differentiation theorem). In the last chapter we present
several properties of the maximal function which are of independent interest.

1 The Hardy—Littlewood maximal function

The Hardy—-Littlewood maximal function is a sublinear operator on the space of locally
Lebesgue integrable real-valued functions. It is given by

1
Mf(z) =sup —— [z —y)|dy,
( ) r>0 |B(07T>| B(O,T)| ( )‘

where f € L (R™).
We shall also need two auxiliary maximal functions with similar expressions. First,

the maximal function over cubes:

MOf(z) = sup —

wp e [ 1l
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where Q, = [—r,r|".
Second, the dyadic maximal function. For each k € Z let Q be the family of all
k-dyadic cubes, that is,

N AN .
Qk:{H[?aT):jlw-'»JnGZ}-

=1

Buf@) = 3 (ﬁ /Q f) Yo(@)

QeQy

We set

and define
Mgyf(z) = sup | B f()].

We observe that M f and M°f are pointwise comparable.

Proposition 1.1. There exist positive constants c,, C,, depending only on the dimension
n, such that
Mf <c,M°f and M°f < C,Mf.

Proof. Let r > 0. Then B(0,7) C [—r,r]" = @,. Since the integrand is nonnegative,

[ ise—uldy< [ 15yl
B(0,r) Q-

Hence, if v,, denotes the volume of the unit ball,

1 2" 2" 1
T |f(z—y)|dy = — |[flz—y)ldy < — |f(z —y)| dy.
|B(0,7)] B(0,r) Un | Q| B(0,r) n |Qrl Qr
Therefore

Mf(r) < ZMOf(r).

On the other hand, B(0,7) D [—r//n,r/y/n|" = @y /ms SO

oy
Wy = v, () = —y)|d
o) | [ e ulay= (%) mo / vy

and hence

ﬁ)” 1

y)|dy < v, (
2 |B(O7T)| B(0,r)

— ) dy.
|Qr/f| TM |f(x —y)|dy

Taking suprema yields

MOf(z) < v, (@) M)

Proposition 1.2. For every locally integrable f, the function M f is measurable.



Proof. We show that the set Ay = {x : M f(z) > A} is measurable for every real number
A. Suppose x € Ay. Then

|
SUp ———— flx —y)|dy > A\
r>0 ‘B(07T)| B(O,T’)l ( >|

Hence there exists ry > 0 such that

1 /
|f(z —y)ldy >\
1B(0,70)| JB(0r0)

After a change of variables,

/ y)| dy > A
1’7”0‘ (z,m0)

Choose € > 0 such that

1

- F)dy > A
B@ro 1) Jpany )

Now if zg € B(x,¢), then B(xg,ro +¢) D B(x,70), so

1
Mf(xg) > ——m— d / d > .
flan) > T / Wl > TOM  wldy

Thus B(z,e) C Ay, which shows that A, is open and therefore measurable. O

In a similar way one proves that M°f is measurable. The measurability of M,f is an
immediate consequence of the measurability of the functions Fjf. As for integrability,
M behaves quite differently: if f is not identically zero, then there exist R > 0 and € > 0

such that
/ |f] > e
B(0,R)

For every = with |z| > R we have B(0, R) C B(x,2|z|), hence

1 1 €
Mf(r) > oo A2 g [z g
|B($7 2|£L’|)| B(z,2|z|) annmn B(0,R) 2nvn‘x|n

Therefore

d
M f(z)dx > = / = oo
Rn 2"y, |z|>R |z|"

So M f never belongs to L', unless f is identically zero.

2 The weak type inequality

As we saw above, applying the maximal operator to an L' function does not in general
yield another integrable function. What does hold is the weaker, but fundamental, weak
(1,1) inequality.



Definition 2.1. Let (X, ) and (Y, ) be measure spaces and let T be an operator from
LP(X, p) to the space of measurable functions from Y to R. We say that T is of weak
type (p,q), with 1 < p, ¢ < oo, if there exists a constant C' > 0 such that

e v sirs) > 3 < ()

for every A > 0.

When (X, u) = (Y,v) and p = ¢, the weak inequality is just the usual Chebyshev
inequality. It is easy to prove that My is weak (1,1).

Theorem 2.2. The dyadic maximal operator M, is weak (1,1).

Proof. Let f € L'. Without loss of generality we may assume f > 0. For A > 0 define
Q={z eR": Myf(x) > A},
and
Qp,={xeR": Eyf(x) > Xand E;f(x) < Xfor j <k}, keZ.

If ky # ko, then €, and €, are disjoint. Indeed, suppose k; > ko. If z € €, then
Ep, f(x) < A, so x ¢ Qy,. Similarly, if o € Qy,, then E, f(x) > A, so x ¢ Q,.
Each €2, can be written as a union of k-dyadic cubes, and

Q:UQk.
k

Indeed, the inclusion |J, Q. C Q is obvious. Conversely, if z € Q, let Q¥ € Oy be the
dyadic cube of generation k£ containing x. Then

1

Ekf(x) - |Qk| o

f.

Since Myf(x) > A, the set
I={keZ:Eyf(x)>\}

is nonempty. Because f € L', we have

1
lim —— -
ST o T T

so I is bounded below. Let k(x) = min/. Then z € Q).
Therefore,

|{x€R”;Mdf(a:)>)\}|:|Q|:Z|Qk|g%Z/ Eyf
k kS

S E () e

k QeQy

1/ 1
=T F< Sl
Ma T A

This is the weak (1,1) inequality with C' = 1. O

>



The weak (1, 1) inequality for the Hardy-Littlewood maximal function follows imme-
diately from the corresponding inequality for the dyadic maximal function together with
the following lemma.

Lemma 2.3. If f is integrable, then
Hx € R": M f(x) > 4"} < 2"[{z € R™: Myf(z) > A}
Proof. We may assume f > 0. With the notation of the previous proof,

{z e R": Myf(x) >A}:UQk:UQj,

where the (); are dyadic cubes. For each ); consider the cube 2¢); with the same center
and twice the side length. Fix

o ¢ U2Q]

Let @ be a cube centered at zy with side length ¢(Q)). Then there exists an integer k
such that
2~ kD) < p(Q) < 27%.

Since the side length of ) is at most 27, it meets at most 2" dyadic cubes of generation
k,say Ri,..., R, If any of these cubes were contained in some @);, then

URZ CUZQ] = X €U2Qja
( J J

contrary to assumption. Since two dyadic cubes are either disjoint or one is contained in
the other, we conclude that R; N Q); = @ for every i, j. Hence

for each i. Therefore

where in the second inequality we used
‘ Rz‘ - Q—kn B
]Q\ = 9—(k+l)n

This shows that
MO f(zy) < 4™

Hence
{r € R": M f(x) > 4"\} C U2Qj‘

Consequently,
{z e R™: MOf(z) > 4"M\}H < ) 12Q,1 = 2" [Q; = 2"[{z € R" : Myf(x) > A},
J J

O



Corollary 2.4. The Hardy-Littlewood mazximal function is weak (1,1).

Proof. From the previous chapter we know that

27L
Mf<=—M"f
Combining this with the previous results we obtain

n 16™
Hx e R": M f(x) > M} < Hx eR": M°f(z) > ;-n/\}‘ < Z@’

which is exactly the required estimate. O]

We now give an alternative proof of the weak type inequality. Let
E={xeR": Mf(x)> A},

and let K C E be compact. For every x € K there exists a ball B, centered at x such

that
1

|Bs| /5,
Since K is compact, there exists a finite family F C {B, : € K} such that

Kc|JB

BeF

lf| > A

Choose a disjoint subfamily D C F as follows. Let B; be the largest ball in F. Remove
from F the ball By and all balls intersecting it. Then choose Bs as the largest remaining
ball, and continue in the same way until the family is exhausted. Clearly D is disjoint,
and moreover

because at step k all balls intersecting By have radius no larger than that of B, and hence
are contained in 3By.

Thus 3n 3n
NESZED S EES oy AUEEINN

BeD BeD BeD

Since this holds for every compact subset of E, by regularity of Lebesgue measure we get
371
Bl= s K] < 2l
KCE
K compact

We chose to present the more indirect proof via dyadic cubes because its usefulness will
become clear in the next chapter.



3 The Lebesgue differentiation theorem

We are now ready to use the weak (1,1) inequality together with elementary tools from
analysis to prove the Lebesgue differentiation theorem.

Theorem 3.1 (Lebesgue differentiation theorem). If f is an integrable real-valued func-
tion on R™, then

r—0

lim ——— ]B I / = f(x) for almost every x.
x r fL' "'

Equivalently, using the notation from the Introduction,

hII(l)A f=r almost everywhere.
r—

Proof. Let f € L'. Define two auxiliary operators:

1
T4 = o /B W) = 1@y

and
Tf(x) =limsupT,f(zx).

r—0

We will show that T f(x) = 0 for almost every z. We know that the set of continuous
functions with compact support is dense in L'. This means that for every & € N there

exists g € Cp(R™) with
1
17— gl <3

Let h=f —g. Then

T.f <T,h+T,yg.

Hence
Tf<Th+Tyg.

Now

Trg(x) = Ar(lg — g(@)[) ().
Since for fixed z the function |g — g(z)| is continuous, the result from the Introduction
gives

lim A.(|g — 9(@))(2) = lo(=) — g(x)|  for every =.

Therefore
Tg =0,
and hence
Tf <Th. (3.1)
Also,

T.h(x) = d
() = (B 1) = 1

—|B(x’r)| B(x’r)l (y)| dy + |h(z)]

< Mh(x) + [h(a)|.



Thus
Th < Mh+ |h|. (3.2)

Combining (3.1) and (3.2), we obtain
Tf < Mh+ |h].

Let now A > 0. If for some = we have T'f(x) > 2\, then Mh(x) + |h(x)| > 2, so
either Mh(x) > X or |h(z)| > A. Therefore

{z eR": Tf(x)>2\} C{x e R": Mh(xz) > A\}U{x € R": |h(x)| > A}.
Hence
Hex e R": Tf(x) > 2A} < [{x € R": Mh(x) > A} + [{z € R" : |h(z)| > A}
The weak (1,1) inequality gives

16"
[{z € R": Mh(z) > A} < —=[|All,

while Chebyshev’s inequality yields
" 1
[{z € R" : [h(z)] > A} < SlAll.
Therefore 16" + 16" + )
v v

= WAl <« Z2Y—T .2

L L
Since this inequality holds for every natural number £, the left-hand side must be zero:

{z € R": Tf(x) > 2)\}| <

{z e R" : Tf(z) > 2\}| =0.
Because this holds for every A > 0, it follows that
{z e R": Tf(z) > 0} = 0.

Thus Tf = 0 almost everywhere. The points at which Tf = 0 are called Lebesque
points. ]

Remarks

1. In the differentiation theorem we assumed that f is integrable so that we could
apply the weak type inequality. Nevertheless, the theorem remains valid for any
locally integrable function. Indeed, if f € Li _ and we set

loc

fk:fXB(O,k)a kGN,
then f, € L'. Hence there exists Ey C R™ with |Ey| = 0 such that

lin% A, fe(x) = fe(x) for every x ¢ E.
r—

Therefore

lig(l) A f(z) = f(z) for every x ¢ U FE.

k=1



2. Every f € LP, 1 < p < 00, is locally integrable, because for every compact K C R",
Holder’s inequality gives

/ p
[, <o, =P
K p—1
Hence, by the previous remark,

limA,.f=f almost everywhere.
r—0

3. An obvious variation of the differentiation theorem is the following. For each = €
R™, let {Ui(x) : k € N} be a family of balls or cubes such that

r € Ug(x)  and lim diam(Uy(z)) = 0.

k—o0

Then for every f € L. we have

loc

1
lim

fly)dy = f(x) for almost every .
k—oo |Ur(2)| Ju, (@)

4. Another variation is the following: if f € LP, 1 < p < oo, then

: /
lim ——— lfly) — f(z)Pdy =0 for almost every x.
PR TBL ] ooy I

Indeed, for each t € Q there exists a null set £, C R™ such that

1
lim ——— fly) —tlPdy = |f(x) —t]P for every = ¢ F;.
0 |B(.Z',T')’ B(a:,r)‘ ) ‘ ’ ( ) ‘ §é t

Now fix

xgéUEt

teQ

and let € > 0. Choose ty € Q such that |f(z) — to| < e. Minkowski’s inequality
gives

1 ; 1/p 1 ) 1/p
o AN -
(801 10 = 0 0) = (G [, 100 )

+ [f(z) —tol.
Taking limsup as » — 0, we obtain
1 1/p
sy (o [ 10— s@F ) <20 0l <22

and the conclusion follows.

5. If A C R" is a Lebesgue measurable set and we apply the differentiation theorem
to the function x4, we obtain
. [ANB(z,7)|

lim

B ) =1 for almost every = € A,

10



and AnB
N
hm ’ (:L', T) |
=0 |B(z,7)]
This result is usually called the Lebesgue density theorem. Intuitively, it says that,
from a measure-theoretic point of view, a measurable set looks like an interval at

sufficiently small scales.

=0 for almost every = ¢ A.

A very important application of the differentiation theorem in analysis is the so-
called Calderon—Zygmund decomposition. The proof uses ideas developed in the previous
chapter.

Theorem 3.2 (Calderén—Zygmund decomposition at height \). Let f be a nonnegative
integrable function, and let A > 0. Then there exists a sequence {Q;} of pairwise disjoint
dyadic cubes such that:

1.
1

Jas| < Sl

J
2. )

A< — f<2"\ for every j;
|QJ| Qj

3.

flz) <A for almost every x ¢ UQJ"
J

Proof. Consider the sets €, and the corresponding dyadic cubes ); from the previous
chapter. The first inequality is exactly the weak (1,1) estimate for My. If Q; C Q4 is a
k-dyadic cube and @j is the unique (k — 1)-dyadic cube containing it, then by definition
of Qk,

1 1

A< — f, — f<A
‘Q]| Qj ‘Q]| Q;
But ]@J| = 2"|Q;|, and this gives the second estimate.
Finally, if ¢ (J ; Qj is a Lebesgue point of f, and {R;} is a decreasing sequence of
dyadic cubes with x € R;, then by definition of the sets (2, we have

1
< \.
Rl /Rif—

Passing to the limit as ¢ — oo yields the last statement. O]

The next chapter presents a standard application of this decomposition.

4 The maximal function on Lebesgue spaces

In the previous chapters we saw the important role played by the weak type (1,1) in-
equality. This inequality reflects the way the maximal operator acts on L' functions. We
now examine additional properties, beginning with its action on LP functions. For the
next theorem we will need the following proposition.

11



Proposition 4.1. For every real-valued function f € LP,

||f||£=p/0 U] > A} dA

Proof. Let f € LP. By the fundamental theorem of calculus,

1£(@)]
HfHZ—/ \f(x)\pdx—// pAPL A\ d.
Rn n Jo

Changing the order of integration gives

|f ()] o0
/ / p)\p_ld)\dx:/ /Rp/\p_lx{f|>,\}(x)dmd)\

:p/oo N € R : [£(z)] > A} .
0

]

Theorem 4.2. The Hardy—Littlewood mazimal function is a bounded operator from LP
to LP for every 1 < p < o0.

Proof. Let f € LP. Decompose f as

fo= fX{\f|>,\/2}, fi= fX{|f\g,\/2}-

Clearly f = fo + fi. Moreover, the set on which |f| > A/2 has finite measure, otherwise
| fll, = +o0. By Hélder’s inequality,

1 follx :/R L Ixarsaz < HIF > XM 2HY9fll < oo,

where ¢ is the conjugate exponent of p. Thus fy € L', while obviously f; € L*. By
sublinearity,

Mf < Mfo+ Mfr.

Hence
M fI > A < {IM fol > A2} + [{IM f1] > A/2}| = [{[M fo| > A/2}],

because || fillco < A/2.
Applying the weak (1, 1) inequality to M and using the previous proposition, we get

IMFIE = p / NU{IMF] > A} dA
< p/ooo )\p_1|{|Mf0| > \/2} dA

e / X2 folly A
0

= C, = /oy (2) da ) d

p /O (/R (@)X 150/23 (2) Sv)
2/f()|

— 0, NP2\ | d

[ |f<x>|< / ) -

2PpC,,
= 1£115-
p—1

12



The constant appearing in the previous LP — L” estimate depends on the weak type
constant, which in turn depends exponentially on the dimension n if one inspects the
proofs in Chapter 2. We now give a proof that improves this dependence from exponential
to linear. For that purpose we introduce the following auxiliary functions.

Let h € L] (R). For x € R define the one-dimensional Hardy-Littlewood maximal
function by

r>0 2T

1 r
Mih(z) = sup — |h(z — )] dt.

If z € R", £ € 8! and f € Cy(R"), define the directional Hardy-Littlewood maximal
function in the direction & by

Mef(a) = sup | / Flw— t6) dt.
Finally, given f : R®™ — R and 2/ € R""!, define f,, : R — R by

fo(t) = f(t,2").

Let now f € LP for 1 < p < oo and £ € S"!. Then there exists a rotation A¢ : R" —
R"™ such that

Ae(§) =e1 = (1,0,...,0).
That is, A sends £ to the first coordinate vector. Observe that

Mef (A7) = sup ~ / F(AZ (@ — tey))] dt

r>0 T

<2Mi(f o A D (1)

where z7 is the first coordinate of x. Since Lebesgue measure is rotation-invariant,
| ety e = [ (aefaga)” o
< 2”/ / Ml fo A (;Ul))pd:cl dz’.
Rn—1

For the one-dimensional Hardy—Littlewood maximal function we already know that
Mgy < Cllgllp-

Combining this with the previous estimate gives
| sty de < g,
Now, changing to polar coordinates,

B oy 10 'dy‘vnrn//Snf” 7 — 16)] doe) dr

S - M f(x) do(§).

U Sn—1

13



Therefore,

Mi@) <~ [ Mcf(x)do©).

UTL Sn—1

Using Minkowski’s integral inequality, we get

1 2C

M50y < o= [ 1Ml do(€) < = 2o(5 6]

n n

Since

)

n
we conclude that

M fllp, < 2nCy| flp-

This is the desired estimate.

As we have seen, the theorem above fails when p = 1. Nevertheless, one can still
estimate the L' norm of M f if some restriction is imposed on f. The following theorem,
after the next lemma, has precisely this purpose.

Lemma 4.3. There exist positive constants Cy, Cy, and c such that for every f € L' and
every A > 0:

1.
M) > < [ (e
2. e,
Mg > 2 [ )
Proof. 1. Set
Ji =T Xqrsa-
Then

{z: Mf(x)>2\} C{x: Mfi(z) > A},
and the weak (1, 1) inequality gives

{Mf > 20} < [{Mf > < & / fi(0)de =& NI

2. Let {Q,} be a Calderén-Zygmund decomposition of | f| at height X\. For each = € Q;
let

Then @); C Bj, hence

e < 1Bl
A< g, @l s |B|/ F() de < M F(a),

where 1/c = |B,|/|Q;|. This holds for all cubes @;, so

UQj C{x eR": Mf(x) > cA}.

14



Hence

< H{zx e R": M f(x) > cA}|.

UQa’

From the properties of the decomposition we know that |f(x)| < A for almost every
z ¢ |J; Q;. Therefore

x)|dz N dr = N de
[y eties [ =3 [ 1)

o,

< 2"A{x € R" : M f(x) > cA}.

<A Q)] =2
J

O

The previous lemma says that, in a certain sense, the weak type inequality can be
inverted. We are now in a position to prove the following theorem.

Theorem 4.4. Let B C R" be a ball, and let f € L' be a function on R™ with support
contained in B. Then

Mf € LYB) if and only if /B|f]log+]f]<+oo,

where
log™ | f| = max{0,log | f[}.

Proof. For simplicity we denote all constants by C'.
Assume first that

/ fllog" |f] < +oo.
B

Then
/Mf(x)dsz/ {x € B: Mf(x) > 2\} dA.
B 0

Now )
/ {x € B: Mf(x)>2\}|d\ < |B],
0

while by the previous lemma,

o0 o0 1
eEB:Mf > 2 dAN < O —( f d)d)\.
/1 I (2) > 20 / - /{ oy N

Hence
1 %
—/Mf(x)dxgyB\+C/ —(/ \f(x)\d:zc) ax
2 /B 1 A \JzeBif@)>7)

max{L|f(z)[} 7y
—ig1+c [ i@ [ T
B 1 A

:|B|+C’/ |fllog™ |f] < +o0.
B

15



Conversely, assume that

/ M f(x)dr < 4o0.
B
We claim that
/ M f(z)dx < 4o0.
3B

Indeed, if B = B(zg,70), then for x € %B \ B and r > |z — x¢| — ro we have
B(z,r) C B(z,3r),

where z{, is the point symmetric to « with respect to the boundary of B. Since the
support of f is contained in B, it follows that

Mf(xz) < CM f(ap).
Using polar coordinates, we conclude that
Mf(z)dx <C M f(z)dx < +o0.
3B\B B\3B

Thus M f € Ll(%B).
Repeating the same argument with %B in place of B, and then inductively, we conclude
that for every k € N,

/ M f(z) dx < 4o0.
(3/2)%B

That is, M f is locally integrable.
We also observe that
Mf(x) -0  as|z| — +o0.
Indeed, let € > 0. Choose R > 0 such that B C B(0, R) and 1/R < . Then for every «
with |z| > 2R,

! 1 I£1h
fo:sup—/ f| = sup / fl < < opf)en
=B Jowry | SR B o = R <

Since ¢ is arbitrary,

lim M f(x)=0.

|z|—o0

Hence there exists a sufficiently large ball By such that
{z eR": M f(z) > C} C By.
Therefore

/ Mf(x)dr < M f(z)dx < +o0,
{zeR™:M f(z)>C} Bo

because M f is locally integrable. Applying the previous lemma, we obtain

00 > / Mf(x)dx
{zeR™: M f(z)>C}

Z/OOI{xeR":Mf(:c) > MM dx

2o [73(/ ldr) i
1 A \Jfzern|f(@)>2}

= log™ | 1.
CLUMgVI
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Thus
/ fllog™ |f] < +oc.
B

]

The space of functions satisfying the condition in the previous theorem is called the
Llog L space. It lies between L' and all the L? spaces with p > 1.

Final remarks

The maximal operator for n = 1 was introduced by Hardy and Littlewood [3]|, who also
gave the first proof of the weak type inequality. The proof we presented via dyadic cubes
rests on ideas of Calderén and Zygmund [I], to whom the decomposition bearing their
names is also due.

The alternative proof at the end of Chapter 2 was given by Wiener [6].

Theorem 4.1 is a special case of the Marcinkiewicz interpolation theorem, which allows
one to pass from weak type inequalities to LP inequalities.

The technique by which we improved the constant in Theorem 4.1 is called the method
of rotations and is due to Calderon and Zygmund [2]. In fact, the constant can be shown
[5] not to depend on the dimension n. It remains an open problem whether the same is
true for the weak type constant.

Theorem 4.2 is called the Llog L theorem. The forward implication is due to Stein
[4], and the converse to Wiener [6].
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