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Introduction
Let f : R → R be a continuous function. We define its average over the interval [x−r, x+r]
by

Arf(x) =
1

2r

∫ x+r

x−r

f(y) dy.

Since f is continuous, Arf(x) converges to f(x) as r becomes small; more precisely,

lim
r→0+

Arf(x) = f(x) ∀x ∈ R.

This property of continuous functions remains true in higher dimensions. If f : Rn →
R, then, in analogy with the one-dimensional case, we set

Arf(x) =
1

|B(x, r)|

∫
B(x,r)

f(y) dy,

where we replace the interval [x − r, x + r] ⊂ R by the ball B(x, r) ⊂ Rn centered at x
with radius r, and the length of the interval by Lebesgue measure on Rn, denoted by | · |.
As in the one-dimensional case,

lim
r→0+

Arf(x) = f(x) for every x ∈ Rn.
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Proof. Let ε > 0 be arbitrary. Since f is continuous at x, there exists δ > 0 such that
for all r with 0 < r < δ we have

∀y ∈ B(x, r) =⇒ |f(x)− f(y)| < ε.

Therefore for every such r > 0,

|Arf(x)− f(x)| ≤ 1

|B(x, r)|

∫
B(x,r)

|f(x)− f(y)| dy ≤ ε.

The continuity assumption is necessary. Indeed, if we set

A = {(x1, x2, . . . , xn) ∈ Rn : xn ≥ 0}

and f(x) = χA(x), then for every x on the boundary of A we have

Arf(x) =
|A ∩B(x, r)|
|B(x, r)|

=
1

2
̸= 1 = f(x).

We observe that the boundary, namely the precise set on which Arf fails to converge
to f , has measure zero. This leads us to ask to what extent averages can approximate
“arbitrary” (not necessarily continuous) functions. In the previous example, the set of
problematic points has measure zero. So perhaps, more generally, the average behaves
well for almost every x. If the answer is yes, is it enough for the function merely to be
integrable on every ball (f ∈ L1

loc)? This is the minimal requirement needed in order for
the average to be defined.

The investigation of these questions — which, as it turns out, have affirmative answers
— is one of the main goals of the present thesis. In the next chapter we begin with a
careful study of several averaging operators, and in particular of the operator

M : L1
loc → R, Mf = sup

r>0
Ar|f |.

This operator is called the Hardy–Littlewood maximal function. In Chapter 2 we study
its action on integrable functions by proving its fundamental property, the weak type
inequality. In Chapter 3 we use this inequality to show that approximation by averages
is indeed possible (the Lebesgue differentiation theorem). In the last chapter we present
several properties of the maximal function which are of independent interest.

1 The Hardy–Littlewood maximal function
The Hardy–Littlewood maximal function is a sublinear operator on the space of locally
Lebesgue integrable real-valued functions. It is given by

Mf(x) = sup
r>0

1

|B(0, r)|

∫
B(0,r)

|f(x− y)| dy,

where f ∈ L1
loc(Rn).

We shall also need two auxiliary maximal functions with similar expressions. First,
the maximal function over cubes:

M0f(x) = sup
r>0

1

(2r)n

∫
Qr

|f(x− y)| dy,
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where Qr = [−r, r]n.
Second, the dyadic maximal function. For each k ∈ Z let Qk be the family of all

k-dyadic cubes, that is,

Qk =

{
n∏

i=1

[
ji
2k

,
ji + 1

2k

)
: j1, . . . , jn ∈ Z

}
.

We set
Ekf(x) =

∑
Q∈Qk

(
1

|Q|

∫
Q

f

)
χQ(x)

and define
Mdf(x) = sup

k
|Ekf(x)|.

We observe that Mf and M0f are pointwise comparable.

Proposition 1.1. There exist positive constants cn, Cn, depending only on the dimension
n, such that

Mf ≤ cnM
0f and M0f ≤ CnMf.

Proof. Let r > 0. Then B(0, r) ⊂ [−r, r]n = Qr. Since the integrand is nonnegative,∫
B(0,r)

|f(x− y)| dy ≤
∫
Qr

|f(x− y)| dy.

Hence, if vn denotes the volume of the unit ball,

1

|B(0, r)|

∫
B(0,r)

|f(x− y)| dy =
2n

vn

1

|Qr|

∫
B(0,r)

|f(x− y)| dy ≤ 2n

vn

1

|Qr|

∫
Qr

|f(x− y)| dy.

Therefore
Mf(x) ≤ 2n

vn
M0f(x).

On the other hand, B(0, r) ⊃ [−r/
√
n, r/

√
n]n = Qr/

√
n, so

1

|Qr/
√
n|

∫
Qr/

√
n

|f(x− y)| dy = vn

(√
n

2

)n
1

|B(0, r)|

∫
Qr/

√
n

|f(x− y)| dy

and hence

1

|Qr/
√
n|

∫
Qr/

√
n

|f(x− y)| dy ≤ vn

(√
n

2

)n
1

|B(0, r)|

∫
B(0,r)

|f(x− y)| dy.

Taking suprema yields

M0f(x) ≤ vn

(√
n

2

)n

Mf(x).

Proposition 1.2. For every locally integrable f , the function Mf is measurable.
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Proof. We show that the set Aλ = {x : Mf(x) > λ} is measurable for every real number
λ. Suppose x ∈ Aλ. Then

sup
r>0

1

|B(0, r)|

∫
B(0,r)

|f(x− y)| dy > λ.

Hence there exists r0 > 0 such that

1

|B(0, r0)|

∫
B(0,r0)

|f(x− y)| dy > λ.

After a change of variables,

1

|B(x, r0)|

∫
B(x,r0)

|f(y)| dy > λ.

Choose ε > 0 such that

1

|B(x, r0 + ε)|

∫
B(x,r0)

|f(y)| dy > λ.

Now if x0 ∈ B(x, ε), then B(x0, r0 + ε) ⊃ B(x, r0), so

Mf(x0) ≥
1

|B(x0, r0 + ε)|

∫
B(x0,r0+ε)

|f(y)| dy >
1

|B(x, r0 + ε)|

∫
B(x,r0)

|f(y)| dy > λ.

Thus B(x, ε) ⊂ Aλ, which shows that Aλ is open and therefore measurable.

In a similar way one proves that M0f is measurable. The measurability of Mdf is an
immediate consequence of the measurability of the functions Ekf . As for integrability,
M behaves quite differently: if f is not identically zero, then there exist R > 0 and ε > 0
such that ∫

B(0,R)

|f | ≥ ε.

For every x with |x| > R we have B(0, R) ⊂ B(x, 2|x|), hence

Mf(x) ≥ 1

|B(x, 2|x|)|

∫
B(x,2|x|)

|f | ≥ 1

2nvn|x|n

∫
B(0,R)

|f | ≥ ε

2nvn|x|n
.

Therefore ∫
Rn

Mf(x) dx ≥ ε

2nvn

∫
|x|>R

dx

|x|n
= +∞.

So Mf never belongs to L1, unless f is identically zero.

2 The weak type inequality
As we saw above, applying the maximal operator to an L1 function does not in general
yield another integrable function. What does hold is the weaker, but fundamental, weak
(1, 1) inequality.
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Definition 2.1. Let (X,µ) and (Y, ν) be measure spaces and let T be an operator from
Lp(X,µ) to the space of measurable functions from Y to R. We say that T is of weak
type (p, q), with 1 ≤ p, q < ∞, if there exists a constant C > 0 such that

ν({y ∈ Y : |Tf(y)| > λ}) ≤
(
C∥f∥p

λ

)q

for every λ > 0.

When (X,µ) = (Y, ν) and p = q, the weak inequality is just the usual Chebyshev
inequality. It is easy to prove that Md is weak (1, 1).

Theorem 2.2. The dyadic maximal operator Md is weak (1, 1).

Proof. Let f ∈ L1. Without loss of generality we may assume f ≥ 0. For λ > 0 define

Ω = {x ∈ Rn : Mdf(x) > λ},

and
Ωk = {x ∈ Rn : Ekf(x) > λ and Ejf(x) ≤ λ for j < k}, k ∈ Z.

If k1 ̸= k2, then Ωk1 and Ωk2 are disjoint. Indeed, suppose k1 > k2. If x ∈ Ωk1 , then
Ek2f(x) ≤ λ, so x /∈ Ωk2 . Similarly, if x ∈ Ωk2 , then Ek1f(x) > λ, so x /∈ Ωk1 .

Each Ωk can be written as a union of k-dyadic cubes, and

Ω =
⋃
k

Ωk.

Indeed, the inclusion
⋃

k Ωk ⊂ Ω is obvious. Conversely, if x ∈ Ω, let Qk
x ∈ Qk be the

dyadic cube of generation k containing x. Then

Ekf(x) =
1

|Qk
x|

∫
Qk

x

f.

Since Mdf(x) > λ, the set
I = {k ∈ Z : Ekf(x) > λ}

is nonempty. Because f ∈ L1, we have

lim
k→−∞

1

|Qk
x|

∫
Qk

x

f = 0,

so I is bounded below. Let k(x) = min I. Then x ∈ Ωk(x).
Therefore,

|{x ∈ Rn : Mdf(x) > λ}| = |Ω| =
∑
k

|Ωk| ≤
1

λ

∑
k

∫
Ωk

Ekf

=
1

λ

∑
k

∑
Q∈Qk

(
1

|Q|

∫
Q

f

)
|Q ∩ Ωk|

=
1

λ

∫
⋃

k Ωk

f ≤ 1

λ
∥f∥1.

This is the weak (1, 1) inequality with C = 1.
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The weak (1, 1) inequality for the Hardy–Littlewood maximal function follows imme-
diately from the corresponding inequality for the dyadic maximal function together with
the following lemma.

Lemma 2.3. If f is integrable, then

|{x ∈ Rn : M0f(x) > 4nλ}| ≤ 2n|{x ∈ Rn : Mdf(x) > λ}|.

Proof. We may assume f ≥ 0. With the notation of the previous proof,

{x ∈ Rn : Mdf(x) > λ} =
⋃
k

Ωk =
⋃
j

Qj,

where the Qj are dyadic cubes. For each Qj consider the cube 2Qj with the same center
and twice the side length. Fix

x0 /∈
⋃
j

2Qj.

Let Q be a cube centered at x0 with side length ℓ(Q). Then there exists an integer k
such that

2−(k+1) ≤ ℓ(Q) < 2−k.

Since the side length of Q is at most 2−k, it meets at most 2n dyadic cubes of generation
k, say R1, . . . , Rm. If any of these cubes were contained in some Qj, then⋃

i

Ri ⊂
⋃
j

2Qj =⇒ x0 ∈
⋃
j

2Qj,

contrary to assumption. Since two dyadic cubes are either disjoint or one is contained in
the other, we conclude that Ri ∩Qj = ∅ for every i, j. Hence

1

|Ri|

∫
Ri

f ≤ λ

for each i. Therefore

1

|Q|

∫
Q

f =
1

|Q|

m∑
i=1

∫
Q∩Ri

f ≤
m∑
i=1

|Ri|
|Q|

· 1

|Ri|

∫
Ri

f

≤ 2n
m∑
i=1

λ ≤ 4nλ,

where in the second inequality we used

|Ri|
|Q|

≤ 2−kn

2−(k+1)n
= 2n.

This shows that
M0f(x0) ≤ 4nλ.

Hence
{x ∈ Rn : M0f(x) > 4nλ} ⊂

⋃
j

2Qj.

Consequently,

|{x ∈ Rn : M0f(x) > 4nλ}| ≤
∑
j

|2Qj| = 2n
∑
j

|Qj| = 2n|{x ∈ Rn : Mdf(x) > λ}|.
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Corollary 2.4. The Hardy–Littlewood maximal function is weak (1, 1).

Proof. From the previous chapter we know that

Mf ≤ 2n

vn
M0f.

Combining this with the previous results we obtain

|{x ∈ Rn : Mf(x) > λ}| ≤
∣∣∣{x ∈ Rn : M0f(x) >

vn
2n

λ
}∣∣∣ ≤ 16n

vn

∥f∥1
λ

,

which is exactly the required estimate.

We now give an alternative proof of the weak type inequality. Let

E = {x ∈ Rn : Mf(x) > λ},

and let K ⊂ E be compact. For every x ∈ K there exists a ball Bx centered at x such
that

1

|Bx|

∫
Bx

|f | > λ.

Since K is compact, there exists a finite family F ⊂ {Bx : x ∈ K} such that

K ⊂
⋃
B∈F

B.

Choose a disjoint subfamily D ⊂ F as follows. Let B1 be the largest ball in F . Remove
from F the ball B1 and all balls intersecting it. Then choose B2 as the largest remaining
ball, and continue in the same way until the family is exhausted. Clearly D is disjoint,
and moreover ⋃

B∈F

B ⊂
⋃
B∈D

3B,

because at step k all balls intersecting Bk have radius no larger than that of Bk and hence
are contained in 3Bk.

Thus
|K| ≤

∑
B∈D

|3B| = 3n
∑
B∈D

|B| ≤ 3n

λ

∑
B∈D

∫
B

|f | ≤ 3n

λ
∥f∥1.

Since this holds for every compact subset of E, by regularity of Lebesgue measure we get

|E| = sup
K⊂E

K compact

|K| ≤ 3n

λ
∥f∥1.

We chose to present the more indirect proof via dyadic cubes because its usefulness will
become clear in the next chapter.
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3 The Lebesgue differentiation theorem
We are now ready to use the weak (1, 1) inequality together with elementary tools from
analysis to prove the Lebesgue differentiation theorem.

Theorem 3.1 (Lebesgue differentiation theorem). If f is an integrable real-valued func-
tion on Rn, then

lim
r→0

1

|B(x, r)|

∫
B(x,r)

f(y) dy = f(x) for almost every x.

Equivalently, using the notation from the Introduction,

lim
r→0

Arf = f almost everywhere.

Proof. Let f ∈ L1. Define two auxiliary operators:

Trf(x) =
1

|B(x, r)|

∫
B(x,r)

|f(y)− f(x)| dy

and
Tf(x) = lim sup

r→0
Trf(x).

We will show that Tf(x) = 0 for almost every x. We know that the set of continuous
functions with compact support is dense in L1. This means that for every k ∈ N there
exists g ∈ C0(Rn) with

∥f − g∥1 <
1

k
.

Let h = f − g. Then
Trf ≤ Trh+ Trg.

Hence
Tf ≤ Th+ Tg.

Now
Trg(x) = Ar(|g − g(x)|)(x).

Since for fixed x the function |g − g(x)| is continuous, the result from the Introduction
gives

lim
r→0

Ar(|g − g(x)|)(z) = |g(z)− g(x)| for every z.

Therefore
Tg = 0,

and hence
Tf ≤ Th. (3.1)

Also,

Trh(x) =
1

|B(x, r)|

∫
B(x,r)

|h(y)− h(x)| dy

≤ 1

|B(x, r)|

∫
B(x,r)

|h(y)| dy + |h(x)|

≤ Mh(x) + |h(x)|.
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Thus
Th ≤ Mh+ |h|. (3.2)

Combining (3.1) and (3.2), we obtain

Tf ≤ Mh+ |h|.

Let now λ > 0. If for some x we have Tf(x) > 2λ, then Mh(x) + |h(x)| > 2λ, so
either Mh(x) > λ or |h(x)| > λ. Therefore

{x ∈ Rn : Tf(x) > 2λ} ⊂ {x ∈ Rn : Mh(x) > λ} ∪ {x ∈ Rn : |h(x)| > λ}.

Hence

|{x ∈ Rn : Tf(x) > 2λ}| ≤ |{x ∈ Rn : Mh(x) > λ}|+ |{x ∈ Rn : |h(x)| > λ}|.

The weak (1, 1) inequality gives

|{x ∈ Rn : Mh(x) > λ}| ≤ 16n

vnλ
∥h∥1,

while Chebyshev’s inequality yields

|{x ∈ Rn : |h(x)| > λ}| ≤ 1

λ
∥h∥1.

Therefore
|{x ∈ Rn : Tf(x) > 2λ}| ≤ 16n + vn

vnλ
∥h∥1 ≤

16n + vn
vnλ

· 1
k
.

Since this inequality holds for every natural number k, the left-hand side must be zero:

|{x ∈ Rn : Tf(x) > 2λ}| = 0.

Because this holds for every λ > 0, it follows that

|{x ∈ Rn : Tf(x) > 0}| = 0.

Thus Tf = 0 almost everywhere. The points at which Tf = 0 are called Lebesgue
points.

Remarks
1. In the differentiation theorem we assumed that f is integrable so that we could

apply the weak type inequality. Nevertheless, the theorem remains valid for any
locally integrable function. Indeed, if f ∈ L1

loc and we set

fk = fχB(0,k), k ∈ N,

then fk ∈ L1. Hence there exists Ek ⊂ Rn with |Ek| = 0 such that

lim
r→0

Arfk(x) = fk(x) for every x /∈ Ek.

Therefore

lim
r→0

Arf(x) = f(x) for every x /∈
∞⋃
k=1

Ek.
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2. Every f ∈ Lp, 1 ≤ p < ∞, is locally integrable, because for every compact K ⊂ Rn,
Hölder’s inequality gives∫

K

|f | ≤ |K|1/p′∥f∥p < ∞, p′ =
p

p− 1
.

Hence, by the previous remark,

lim
r→0

Arf = f almost everywhere.

3. An obvious variation of the differentiation theorem is the following. For each x ∈
Rn, let {Uk(x) : k ∈ N} be a family of balls or cubes such that

x ∈ Uk(x) and lim
k→∞

diam(Uk(x)) = 0.

Then for every f ∈ L1
loc we have

lim
k→∞

1

|Uk(x)|

∫
Uk(x)

f(y) dy = f(x) for almost every x.

4. Another variation is the following: if f ∈ Lp, 1 ≤ p < ∞, then

lim
r→0

1

|B(x, r)|

∫
B(x,r)

|f(y)− f(x)|p dy = 0 for almost every x.

Indeed, for each t ∈ Q there exists a null set Et ⊂ Rn such that

lim
r→0

1

|B(x, r)|

∫
B(x,r)

|f(y)− t|p dy = |f(x)− t|p for every x /∈ Et.

Now fix
x /∈

⋃
t∈Q

Et

and let ε > 0. Choose t0 ∈ Q such that |f(x) − t0| < ε. Minkowski’s inequality
gives(

1

|B(x, r)|

∫
B(x,r)

|f(y)− f(x)|p dy
)1/p

≤
(

1

|B(x, r)|

∫
B(x,r)

|f(y)− t0|p dy
)1/p

+ |f(x)− t0|.

Taking lim sup as r → 0, we obtain

lim sup
r→0

(
1

|B(x, r)|

∫
B(x,r)

|f(y)− f(x)|p dy
)1/p

≤ 2|f(x)− t0| < 2ε,

and the conclusion follows.

5. If A ⊂ Rn is a Lebesgue measurable set and we apply the differentiation theorem
to the function χA, we obtain

lim
r→0

|A ∩B(x, r)|
|B(x, r)|

= 1 for almost every x ∈ A,
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and
lim
r→0

|A ∩B(x, r)|
|B(x, r)|

= 0 for almost every x /∈ A.

This result is usually called the Lebesgue density theorem. Intuitively, it says that,
from a measure-theoretic point of view, a measurable set looks like an interval at
sufficiently small scales.

A very important application of the differentiation theorem in analysis is the so-
called Calderón–Zygmund decomposition. The proof uses ideas developed in the previous
chapter.

Theorem 3.2 (Calderón–Zygmund decomposition at height λ). Let f be a nonnegative
integrable function, and let λ > 0. Then there exists a sequence {Qj} of pairwise disjoint
dyadic cubes such that:

1. ∣∣∣∣∣⋃
j

Qj

∣∣∣∣∣ ≤ 1

λ
∥f∥1;

2.
λ <

1

|Qj|

∫
Qj

f ≤ 2nλ for every j;

3.
f(x) ≤ λ for almost every x /∈

⋃
j

Qj.

Proof. Consider the sets Ωk and the corresponding dyadic cubes Qj from the previous
chapter. The first inequality is exactly the weak (1, 1) estimate for Md. If Qj ⊂ Ωk is a
k-dyadic cube and Q̃j is the unique (k − 1)-dyadic cube containing it, then by definition
of Ωk,

λ <
1

|Qj|

∫
Qj

f,
1

|Q̃j|

∫
Q̃j

f ≤ λ.

But |Q̃j| = 2n|Qj|, and this gives the second estimate.
Finally, if x /∈

⋃
j Qj is a Lebesgue point of f , and {Ri} is a decreasing sequence of

dyadic cubes with x ∈ Ri, then by definition of the sets Ωk we have

1

|Ri|

∫
Ri

f ≤ λ.

Passing to the limit as i → ∞ yields the last statement.

The next chapter presents a standard application of this decomposition.

4 The maximal function on Lebesgue spaces
In the previous chapters we saw the important role played by the weak type (1, 1) in-
equality. This inequality reflects the way the maximal operator acts on L1 functions. We
now examine additional properties, beginning with its action on Lp functions. For the
next theorem we will need the following proposition.
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Proposition 4.1. For every real-valued function f ∈ Lp,

∥f∥pp = p

∫ ∞

0

λp−1|{|f | > λ}| dλ.

Proof. Let f ∈ Lp. By the fundamental theorem of calculus,

∥f∥pp =
∫
Rn

|f(x)|p dx =

∫
Rn

∫ |f(x)|

0

pλp−1 dλ dx.

Changing the order of integration gives∫
Rn

∫ |f(x)|

0

pλp−1 dλ dx =

∫ ∞

0

∫
Rn

pλp−1χ{|f |>λ}(x) dx dλ

= p

∫ ∞

0

λp−1|{x ∈ Rn : |f(x)| > λ}| dλ.

Theorem 4.2. The Hardy–Littlewood maximal function is a bounded operator from Lp

to Lp for every 1 < p ≤ ∞.

Proof. Let f ∈ Lp. Decompose f as

f0 = f χ{|f |>λ/2}, f1 = f χ{|f |≤λ/2}.

Clearly f = f0 + f1. Moreover, the set on which |f | > λ/2 has finite measure, otherwise
∥f∥p = +∞. By Hölder’s inequality,

∥f0∥1 =
∫
Rn

|f |χ{|f |>λ/2} ≤ |{|f | > λ/2}|1/q∥f∥p < +∞,

where q is the conjugate exponent of p. Thus f0 ∈ L1, while obviously f1 ∈ L∞. By
sublinearity,

Mf ≤ Mf0 +Mf1.

Hence

|{|Mf | > λ}| ≤ |{|Mf0| > λ/2}|+ |{|Mf1| > λ/2}| = |{|Mf0| > λ/2}|,

because ∥f1∥∞ ≤ λ/2.
Applying the weak (1, 1) inequality to M and using the previous proposition, we get

∥Mf∥pp = p

∫ ∞

0

λp−1|{|Mf | > λ}| dλ

≤ p

∫ ∞

0

λp−1|{|Mf0| > λ/2}| dλ

≤ pCn

∫ ∞

0

λp−2∥f0∥1 dλ

= pCn

∫ ∞

0

λp−2

(∫
Rn

|f(x)|χ{|f |>λ/2}(x) dx

)
dλ

= pCn

∫
Rn

|f(x)|

(∫ 2|f(x)|

0

λp−2 dλ

)
dx

=
2ppCn

p− 1
∥f∥pp.
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The constant appearing in the previous Lp → Lp estimate depends on the weak type
constant, which in turn depends exponentially on the dimension n if one inspects the
proofs in Chapter 2. We now give a proof that improves this dependence from exponential
to linear. For that purpose we introduce the following auxiliary functions.

Let h ∈ L1
loc(R). For x ∈ R define the one-dimensional Hardy–Littlewood maximal

function by

M1h(x) = sup
r>0

1

2r

∫ r

−r

|h(x− t)| dt.

If x ∈ Rn, ξ ∈ Sn−1, and f ∈ C0(Rn), define the directional Hardy–Littlewood maximal
function in the direction ξ by

Mξf(x) = sup
r>0

1

r

∫ r

0

|f(x− tξ)| dt.

Finally, given f : Rn → R and x′ ∈ Rn−1, define fx′ : R → R by

fx′(t) = f(t, x′).

Let now f ∈ Lp for 1 < p < ∞ and ξ ∈ Sn−1. Then there exists a rotation Aξ : Rn →
Rn such that

Aξ(ξ) = e1 = (1, 0, . . . , 0).

That is, Aξ sends ξ to the first coordinate vector. Observe that

Mξf(A
−1
ξ x) = sup

r>0

1

r

∫ r

0

|f(A−1
ξ (x− te1))| dt

≤ 2M1(f ◦ A−1
ξ )x′(x1),

where x1 is the first coordinate of x. Since Lebesgue measure is rotation-invariant,∫
Rn

(Mξf(x))
p dx =

∫
Rn

(
Mξf(A

−1
ξ x)

)p
dx

≤ 2p
∫
Rn−1

∫
R

(
M1(f ◦ A−1

ξ )x′(x1)
)p

dx1 dx
′.

For the one-dimensional Hardy–Littlewood maximal function we already know that

∥M1g∥p ≤ Cp∥g∥p.

Combining this with the previous estimate gives∫
Rn

(Mξf(x))
p dx ≤ 2pCp

p∥f∥pp.

Now, changing to polar coordinates,

1

|B(0, r)|

∫
B(0,r)

|f(x− y)| dy =
1

vnrn

∫ r

0

∫
Sn−1

tn−1|f(x− tξ)| dσ(ξ) dt

≤ 1

vn

∫
Sn−1

Mξf(x) dσ(ξ).
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Therefore,

Mf(x) ≤ 1

vn

∫
Sn−1

Mξf(x) dσ(ξ).

Using Minkowski’s integral inequality, we get

∥Mf∥p ≤
1

vn

∫
Sn−1

∥Mξf∥p dσ(ξ) ≤
2Cp

vn
σ(Sn−1)∥f∥p.

Since
vn =

1

n
σ(Sn−1),

we conclude that
∥Mf∥p ≤ 2nCp∥f∥p.

This is the desired estimate.
As we have seen, the theorem above fails when p = 1. Nevertheless, one can still

estimate the L1 norm of Mf if some restriction is imposed on f . The following theorem,
after the next lemma, has precisely this purpose.

Lemma 4.3. There exist positive constants C1, C2, and c such that for every f ∈ L1 and
every λ > 0:

1.
|{x : Mf(x) > 2λ}| ≤ C1

λ

∫
{|f |>λ}

|f(x)| dx;

2.
|{x : Mf(x) > cλ}| ≥ C2

λ

∫
{|f |>λ}

|f(x)| dx.

Proof. 1. Set
f1 = f χ{|f |>λ}.

Then
{x : Mf(x) > 2λ} ⊂ {x : Mf1(x) > λ},

and the weak (1, 1) inequality gives

|{Mf > 2λ}| ≤ |{Mf1 > λ}| ≤ C1

λ

∫
|f1(x)| dx =

C1

λ

∫
{|f |>λ}

|f(x)| dx.

2. Let {Qj} be a Calderón–Zygmund decomposition of |f | at height λ. For each x ∈ Qj

let
Bj = B(x, ℓ(Qj)

√
n).

Then Qj ⊂ Bj, hence

λ <
1

|Qj|

∫
Qj

|f(x)| dx ≤ |Bj|
|Qj|

· 1

|Bj|

∫
Bj

|f(x)| dx ≤ 1

c
Mf(x),

where 1/c = |Bj|/|Qj|. This holds for all cubes Qj, so⋃
j

Qj ⊂ {x ∈ Rn : Mf(x) > cλ}.
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Hence ∣∣∣∣∣⋃
j

Qj

∣∣∣∣∣ ≤ |{x ∈ Rn : Mf(x) > cλ}|.

From the properties of the decomposition we know that |f(x)| ≤ λ for almost every
x /∈

⋃
j Qj. Therefore∫

{|f |>λ}
|f(x)| dx ≤

∫
⋃

j Qj

|f(x)| dx =
∑
j

∫
Qj

|f(x)| dx

≤ 2nλ
∑
j

|Qj| = 2nλ

∣∣∣∣∣⋃
j

Qj

∣∣∣∣∣
≤ 2nλ|{x ∈ Rn : Mf(x) > cλ}|.

The previous lemma says that, in a certain sense, the weak type inequality can be
inverted. We are now in a position to prove the following theorem.

Theorem 4.4. Let B ⊂ Rn be a ball, and let f ∈ L1 be a function on Rn with support
contained in B. Then

Mf ∈ L1(B) if and only if
∫
B

|f | log+ |f | < +∞,

where
log+ |f | = max{0, log |f |}.

Proof. For simplicity we denote all constants by C.
Assume first that ∫

B

|f | log+ |f | < +∞.

Then ∫
B

Mf(x) dx = 2

∫ ∞

0

|{x ∈ B : Mf(x) > 2λ}| dλ.

Now ∫ 1

0

|{x ∈ B : Mf(x) > 2λ}| dλ ≤ |B|,

while by the previous lemma,∫ ∞

1

|{x ∈ B : Mf(x) > 2λ}| dλ ≤ C

∫ ∞

1

1

λ

(∫
{x∈B:|f(x)|>λ}

|f(x)| dx
)

dλ.

Hence

1

2

∫
B

Mf(x) dx ≤ |B|+ C

∫ ∞

1

1

λ

(∫
{x∈B:|f(x)|>λ}

|f(x)| dx
)

dλ

= |B|+ C

∫
B

|f(x)|

(∫ max{1,|f(x)|}

1

dλ

λ

)
dx

= |B|+ C

∫
B

|f | log+ |f | < +∞.
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Conversely, assume that ∫
B

Mf(x) dx < +∞.

We claim that ∫
3
2
B

Mf(x) dx < +∞.

Indeed, if B = B(x0, r0), then for x ∈ 3
2
B \B and r > |x− x0| − r0 we have

B(x, r) ⊂ B(x′
0, 3r),

where x′
0 is the point symmetric to x with respect to the boundary of B. Since the

support of f is contained in B, it follows that

Mf(x) ≤ CMf(x′
0).

Using polar coordinates, we conclude that∫
3
2
B\B

Mf(x) dx ≤ C

∫
B\ 1

2
B

Mf(x) dx < +∞.

Thus Mf ∈ L1(3
2
B).

Repeating the same argument with 3
2
B in place of B, and then inductively, we conclude

that for every k ∈ N, ∫
(3/2)kB

Mf(x) dx < +∞.

That is, Mf is locally integrable.
We also observe that

Mf(x) → 0 as |x| → +∞.

Indeed, let ε > 0. Choose R > 0 such that B ⊂ B(0, R) and 1/R < ε. Then for every x
with |x| > 2R,

Mf(x) = sup
r>0

1

|B(x, r)|

∫
B(x,r)

|f | = sup
r>R

1

|B(x, r)|

∫
B(x,r)

|f | ≤ C
∥f∥1
Rn

< C∥f∥1εn.

Since ε is arbitrary,
lim

|x|→∞
Mf(x) = 0.

Hence there exists a sufficiently large ball B0 such that

{x ∈ Rn : Mf(x) > C} ⊂ B0.

Therefore ∫
{x∈Rn:Mf(x)>C}

Mf(x) dx ≤
∫
B0

Mf(x) dx < +∞,

because Mf is locally integrable. Applying the previous lemma, we obtain

∞ >

∫
{x∈Rn:Mf(x)>C}

Mf(x) dx

≥
∫ ∞

C

|{x ∈ Rn : Mf(x) > λ}| dλ

≥ C

∫ ∞

1

1

λ

(∫
{x∈Rn:|f(x)|>λ}

|f(x)| dx
)

dλ

= C

∫
B

|f | log+ |f |.
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Thus ∫
B

|f | log+ |f | < +∞.

The space of functions satisfying the condition in the previous theorem is called the
L logL space. It lies between L1 and all the Lp spaces with p > 1.

Final remarks
The maximal operator for n = 1 was introduced by Hardy and Littlewood [3], who also
gave the first proof of the weak type inequality. The proof we presented via dyadic cubes
rests on ideas of Calderón and Zygmund [1], to whom the decomposition bearing their
names is also due.

The alternative proof at the end of Chapter 2 was given by Wiener [6].
Theorem 4.1 is a special case of the Marcinkiewicz interpolation theorem, which allows

one to pass from weak type inequalities to Lp inequalities.
The technique by which we improved the constant in Theorem 4.1 is called the method

of rotations and is due to Calderón and Zygmund [2]. In fact, the constant can be shown
[5] not to depend on the dimension n. It remains an open problem whether the same is
true for the weak type constant.

Theorem 4.2 is called the L logL theorem. The forward implication is due to Stein
[4], and the converse to Wiener [6].
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